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Necessary conditions for the existence of global
solutions to a 2 x 2-system of frac-diff equa-
tions are presented.

OQur method of proof relies on a choice of the
test function in the weak formulation of the
solutions to the system.



1. INTRODUCTION

Aim: Exponents threshold for the existence of
global solutions to the system (for ¢ > 0)

vu'(t) + 6 Do (u —uo) = F(@) v + F(t), (1)
A/ (8) + 1 Dy, (v = vo) = g(#) [ulP + G(), (2)

subject to the initial conditions

u(0) = uo, v(0) = wo, (3)

where 1 < p,q, 0 < a,3 < 1,7,0,\,u are con-
stants, the functions f(t), g(t) are positive while
F(t) and G(t) are given functions with nonneg-
ative averages.



For 0 < 6 < 1, D8|t stands for the time-
fractional derivative In the Riemann-Liouville
sense defined by

1 d t f(o)
(Dg ol () = r(1—0)dtJo (t —o)f

This fractional derivative is said to be left-

handed.

The right-handed fractional derivative is de-

fined by

do.

-1 d T f(o)

(D Tf)(t) - r(1-60)dt)t (c—1t)? do.
The Caputo derivative
1 t Wi(o
(DOlt\lf)(t) = — (o) do,

(1 —-—a)Jo (t—o0)“
IS related to the Riemann-Liouville derivative
by

otV (t) = Dg,[W(t) — Ww(0)].

The formula of integration by parts:



/O HOICIMIOEE / (D§1)(E) g(t) dt

where
1 7g(0) | 1t g'(o)
(Boa) (1) = = = a)[ TJo =) d"]’
_ 1 f(T) T f'(o)
OrNW = c sl na ) G 1)
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Particular systems.

{ ' (¢)
v’ (1)

For pg > 1 its solutions blow-up in finite time:

[v[?, t>0,

[ulP, ¢t >0,

u(t) = C1(Ty — t)—(q+1)/(pq—1)7
v(t) = Co(Ty — t)—(p-l—l)/(pq—l),

O <t< Ty < o0,

where

€1 = [(p+ 1)+ 1)/(pg — 1)1/ P17

1/(pg—1)

Co = [(p+1)(g+ 1)?/(pg — 1)PT?]



The blowing-up solutions that satisfy the other
particular system containing only fractional deriv-
atives
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Dglt(v — vg)
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has the form
u(t) = C1(Tg — t)~(etad)/(pa—1)
v(t) = Co(Ty — t)~ (BFpP)/(Pa—1)

0 <t < Ty < oo, where C; and C5 are con-
stants.



We consider (the reduced system labelled (1),):

(W) + DG (u—up) = [o]?, t>0

\ V() + Dg|t(v—vo) = |ulP, t> 0.

No explicit solutions are available.
2. THE RESULT

The system (1),—(3) admits a solution (u,v) €
2

(Cl(O,Tmax) N C([O,Tmax)) with the life span

Tmax, |e, either Tmax = oo, Or Tma,aj < o0 and

lim  {[u(®)] + [v(®)[} = +oo.

t—Tmax

THE RESULT: Let 1 < p,q and ug > 0, vg >
0, then for

(+) 1-L<min{a+42 842}

the system (1), - (3) admits no global solu-
tions.



Proof. Let (u,v) be a global solution to (1),
- (3). It satisfies

/ |U|q90 + ug (1 ‘|‘/ Dt|T90>

_/ U P —I—/ th|T<p, (4)

/ ul? o + vg (1 —I—/ Dt|T90>

~[od+ [ eDle ()

for any non-increasing test function ¢ > 0 s.t
©(0) =1 and (T) =0.
The test function is chosen s.t

T T
A ;=/ Sp—p’/p|90/|p” B ;:/ Sp—q//Q|S0/|q”
0 0

T PN / T R, /
C::/O © p/p|D§|‘Tgp|P, D::/O © Q/Q|DgTSO|q

are finite.



A part of our strategy is to estimate the left
hand sides of (4) and (5) by quantities con-
taining only the test function .

We write

T T
/O uw’=/o wpl/P =Py,

By the HOlder inequality,

1/p

L TP VT —p'/p | P
/Ous0§</OIUI90> [ )

and similarly

1/¢

L Tl VT —d' /a4
/Ows</o |v|90> [ e trmene)

where p+p' =pp’ and ¢+ ¢ = qq’.



Also, we have

1
T T P r I\ p
[y wogre < ([ 1) ([ o ool )”

and

1
T T q r '\ q
/O vDﬁT (/O Ivlq90> (/O © Q/qlDf\T@\q> :

Now, if we set

T= [ |up d L

p— an == ,
| e 7= Wl

we get from (4) and (5) the estimates

T + ug (1 - / Dtmo) <TVP (AP 4 P

and

T+ vo (1—|—/ Dt|T90> < jl/q (Bl/q/—l—Dl/q/).

As ¢ is decreasing and (7)) = 0, we have

1 T _¢(o) oc>0
rM(l1—-ao)/t (c—t)® —

t|T90( ) =



and

-1 T ¢'(o)
rA-a ) g7

Dy (t) =

At this stage, let 9(¢) be a non-increasing reg-
ular function such that

_[1, o<t<1/2;
9(t) = { 0, t>1
and choose the test function
{
t) = 9(—),
(1) =0(")

where T' is a positive real number.

We change the variable and set
t=:717T
SO

P'(t) =T (7)), Djrp(t) =T Djre(r).



From inequalities (4) and (5), we deduce the
inequalities

J < 7Tl/p (Al/p’ + Cl/p’>
and
< g (Bl/Q' 1 pl/CI’) ;

whereupon

jl_piq < (Al/p’ + Cl/p’) (Bl/q’ + pl/q’)l/p

and

719 < (Al/p’ + Cl/p’>1/q (Bl/q’ + pl/q’) .



Using
(a+)7" <"1/ r>1,a>0,b>0,

we get the inequalities

jl_p_lq < (Al/p’ + Cl/p’) (Bl/pq’ + pl/pq’>
and

7175 < (V% 4 V) (U4 4 DU,

We have
A <c{Ti 7, B <C,Tl- ¢
C <C3TiPa D < C,T 9P

for some positive constants (4, C5, C3, (4.



We then have the estimate (EJ)
J < Ky (T5 + T52 + T3 + T54) —ug(14+CL T ™)

where K1 = max{Cl,CQ,C’3,C4} and

— _ (1 l) __1_ 1
51 = (pq+p’ 52 l—o—a—3p

— _ (1 Q) —1_,_1_p
53 = <pq+p’ 54 l—a—-z— %

At this stage, we require s; < 0,55 < 0,53 <
0,s4 < 0; this leads to

1—a§i—|—é.

pq

i

We have two cases:

e either max{sqi,so,s3,s4} < 0. In this case,
we let T goes to infinity in (EJ), we obtain

0 <ug <0.



T his contradicts the hypotheses.

° Or, one of the s;, 71 = 1,2,3,4 is equal to
zero:; in this case, we have

©,@)
| lu@®pdt < c

which leads to

T
lim )P o(t) dt = 0.
gim [ @ e

Coming back to (3) and (4) and using the in-
tegral Jsupp, [u(t)[Pe rather than [g u(t)[Pp, we
arrive at a contradiction too.

A similar analysis could be performed via (EI)
T < Ko (T + T2+ T3 4 T™4)—vo(14C5 T P).

It would lead to the requirement

1
1-8< =42
pq q



A bound on the blow-up time

We have
ug < Ky (T°1 +T°2 4 T°3 4 T°4)
and
K1 (s s1 sk $3
ugga(Tl—l—T + T34+ T )
(8

where s =s1—1+4a, s3=s3—1+a.
T hese inequalities lead to

T'max < Tp := min { (4—K1>81 : (4—K1>82 : (4—[(1)83,

UuQ uQ uQ
(4K1>34 (4K1)31 (4K1)S’i <4K1)33 <4K1)8§
UuQ '\ Cug '\ CEug '\ CEug '\ Crug )

and

. . 4K-5\T1 4K5\T2 4K-5\T3
Trmazr <17 ;= Min { (—UOQ) , (—u02> 3 (‘UOQ) 3

r1 r¥ r3 ri
(4_K2) "4 (4AKp 4Ky \' 1 (4Kp 4K, \ 3
uQ ’ Cz;uo ’ Cgug ’ CEUO ’ Cguo '

So




Remark: The analysis may be efficient for
more general systems

au ()+ D, (u—u)+b DY, (v —vh) = f1(t, lul, [v])

ev! ()4 Dy, (" —vg)+d DG (WF—uf) = fa(t,|ul, [v])
with either
FitJul, o) > ext?ulPt 4 ext?2]v]P2,

fa(t, |ul, [o]) > c3t”3[ulP? + catV4|v|P4,
or
f1(t, ul, [o]) > dit?t]ulPL |v|P2,

Folt, lul, [v]) > dot?2|u|P3 |v|P4.

with 0 < d17d2719171927 1< P1,P2,P3,P4.



