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I tools for Stability Analysis of Fractional Systems

— LMI and integer order systems stability
2 — Stability of fractional order systems

3 — First method

4 — Second method

5 — Third method

Part 2: H_ -norm computation of fractional systems

1 — H_ -Norm: definition
2 — Extension of Bounded Real Lemma
3 — Computation based on a derived fractional s



1 — LMI and integer order systems stability

1 — Presentation of LMI

2 — Properties of LMI

3 — Lyapunov’s second method: analysi
systems stability



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

atrix Inequalities (LMI): presentation

P(x)=P, + x,B +...+x.P. >0

P. are symetric matrices

» Stability analysis of integer systems (Lyapunov), Systems norms calculation
(bounded real lemma)

» Graphic tools, algebraic method@eric to@

Convex optimization: interior poi

=) Global optimu



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Properties of LMI

s can be gathered into one LMI:

A(x)>0and B(x)< 0 @[Agx) i Zg(x)] >0

» LMI with complex coefficients can be represented by a LMI with real ones:

S(x) T(x)
() s<x)j>°

Px)=S(x)+ jT(x)>O<:>(

* For a LMI to be solved, the domain must be convex



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

nd method: stability analysis of integer systems

(

y(t)= Cx(t)+ Du(t)

Asymptotic stability if 3V (x)>0:V(x)<0

t): Ax(t) + Bu(t) Autonomous syste;n {x(t): Ax(t)
x(ty) = x,

P(x)=x"(Px(t) = V(x)= 5 ()Px(t)+ x (0)Pil)
V(x)=(A4x(z)) Px(¢)+x"(¢)P(4x(z))
V(x)= x(t)T (ATP r PA)x(t)

LMI

Asymptotic stability if | 3P>0: 4A"P+P4A<0| =




1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

d method: stability analysis of integer systems

Im(A(4))

Re(A(4))

Equivalence:

« Integer order system with state matrix A is asymptotically stable

» The eigenvalues of matrix A lie in the left half complex plane
« A<O
. AP>0:4"P+PA<0



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Summary

ficient tools are available to solve LMI

e The domain must be convex

« Using Lyapunov’s method, stability of integer systems can be verified usi

* The left half complex plane can be described by a LMI feasibility



2 — Stability of fractional order systems

1 — Matignon’s theorem

2 — Stability domain




1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Matignon’s theorem

)= Ax(¢)+ Bul(t) e n=1

w(£)= Cx(¢)+ Du(r) Im(2(4))

(S) is asymptotically stable Re(4(4))

& Vifarg(4,(4)) > n%

" Stability domain

e n>1 e n<l
Im(4(4))

Im(A(4))
Re(A(4))

" Stability domain



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

omain / Equivalent integer order system

system: ==y Equivalent integer order system:

State matrix: A f

arglal4y ))= 07

State matrix: 4

arg(4(4)) =6

0 72 T




1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Summary

Matignon’s theorem gives a criteria to verify stability of fractional systems

* The theorem is a generalization of criteria for stability of integer systems

 For n>1, LMI tools have already been developed and are available in litera

« For n<l, the domain is not convex and LMI can not be directly deri
stability analysis of fractional systems: an equivalent integer order

be found



3 — First method

1 — Equivalent integer order system

2 — LMI condition 1

3 — Analysis of the method



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

uivalent integer order system

£) = Ax(t)+Bu(t) Autonomous syste;n {x(n)(t)z Ax(t)
y(t) = Cx(t) + Du(t) x(t0 ) = X,

Laplace transform: s"X (s)=AX(s)+1""x,

: % —geN $"X(s)=s"s"X(s)= As"X(s)+ 5" I "x,
2”X( )= A*X(s)+ AI'"x, +s" 1" x,
( ) ( )+§1Ai—1sl—in[1—nx0

e D—geN,meN = s"X(s)=A"X(s)+ 34"
n

i=1



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Stability criteria
2(t)=A,z(¢t)+ B,Al(t)

representation:
p {x(t):sz(t)

=P  Integer system: stability is determined through
Vi,Re(4,(4,))<0

1 I 1
‘v’i,ReL/l{A”D<O = EIP>O:(A”] P+P[A”

H 1 g1
01 O A Bf i 1 Am A m A(Z‘):]l_nxo
An 0 0
= 0
1 C. =(0 0 1
0 A" 0 r= )

5m—n \
5m—2n




1- LMI and integer order systems stability
2- Stability of fractional systems
3- First method

4- Second method
5- Third method

alidity of the method 1/2

a2 7T

.~ Stability domain

Sufficient but not necessa




1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

alidity of the method 2/2
f 0

0—L 50, ="
=

The entire stability domain is not identified

Find a function that associates:

. - Fractional stability domai
integer stability domai

N
nrl/?2 Y /2 Y T
Stable Unstable

W Identified stability domain ¥

e



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Summary

ethod 1 analyses stability of an integer system derived from a fractional one
* The method leads to a sufficient but not necessary condition

* A new function between integer and fractional stability domains must be defi




4 — Second method

1 — Valid function

2 — LMI condition 2




1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Valid function

0 l—nﬂ_ let =€’ andb=e'”

_2—n+2—n / \

3r/2 p---m---

/2 Jis
Inb=Ilna*"

U J 0
nrl/?2 Y /2 Y T
Stable Stable

. Identified stability domain



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

LMI condition 2

ethod on integer system with state matrix Ap:

1
Ary=—(-A4)r-,

1

Y 1
AP >0: (— (- A)Z—nj P+ P(— (- A)2—n) <0 | =9 [ LMI Feasibility problem

Pole localization of:

G)={ :

1+ e"s" XI +e

Sufficient an

0 p 0  Identifi



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

Summary

ethod 2 analyses stability of an integer system derived from a fractional one

* The method leads to a sufficient AND necessary condition

 The function is non linear in relation to state matrix A



5 — Third method

1 — Duality

2 — LMI condition 3




1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

ractionnal system is stable iff | 21 eDu ,geC™: (U —A4)g=0,9#0

» (@Geometric characterization of Du

Ae Du iff Re(2¢'™)7)> 0 and Re



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

n of DU using inequalities

k
a+ao

>0 >0 a+a” >0

Du iff Re(4e!""7)> 0 and Re(2¢" 7 )> 0 (07} = it =
Ar+Ar >0
A eDu iff
i {/7.1”* +1r>0

» Associated stability criteria

Fractional system is stable iff A4 e C,q€C

Fractional system is stable iff A4 e C ,q € C", Ar+



1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

LMI condition 3

zation using LMI

a: There exists a vector p =g # 0 for some o + a >0 if and only if pq* 4 qp* >0
a = Ar
Fractionnal system is stable iff Ap = Arg #0,q9 € C",pq +qp =0: (ZI — A)q =0,g#0

p=A4rq

A0 #0,rank(Q)=1: rAQ+0A"r >0




6 — Conclusion

e Three methods:

* Method 1: based on the derivation of an integer system

Sufficient but not necessary

* Method 2: based on geometric analysis

Function 1s not linear

» Method 3: based on a dual approach



I tools for Stability Analysis of Fractional Systems

— LMI and integer order systems stability
2 — Stability of fractional order systems

3 — First method

4 — Second method

5 — Third method

Part 2: H_ -norm computation of fractional systems

1 — H_ -Norm: definition
2 — Extension of Bounded Real Lemma
3 — Computation based on a derived fractional s




1 — H_ -Norm: definition

1 — Definition

2 — Motivations




1- H -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Definition

er function G(s):

U(s)— G(s) —> Y(S)

[rGs)l,
U(s),

1/2
1 +00 .
where 0(s), | [juo) dtj or (Parscval) HU(S)Hz=£gH\U(J0))H2dw]

rst definition:

H, -norm is the induced L,-norm: ||G(s)|. = sup
(s)eH

» Second definition:

[G(s)], =supo(G(je))

weR

where o(G( ja)))z(spec(G( jo) G(j



1- H -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Definition

SISO Case: MIMO Case:

(G(s),, =supa(G(jw))




1- H -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Motivation

TV systems as frequency analysis is not available

gain theorem

If M(s) and A(s) are stable, the system is stable for every A(s) such that HA(S)HOO <«
if [M(s), <a'.

—> M(S)

A(s)




1- H -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Motivation

/LTV systems as frequency analysis is not available

| gain theorem

» Constraints on sensitivity functions

S(jw)a o=

S=(1+CG)"

Cljo)s(jo) (o) &

T=CG(1+CG)"




1- H -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Motivation

/LTV systems as frequency analysis is not available

| gain theorem

» Constraints on sensitivity functions




1- H -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Summary

wo equivalent formulations exist

 H_norm is efficient to deal with LPV/LTYV systems

 H_norm enables formulation of various problems in control

« Exact computation of H, norm does not exist



2 — Extension of Bounded Real Lemma

1 — Bounded Real Lemma

2 — Extended Bounded Real Lemma

3 — Particular case: SISO systems



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Bounded Real Lemma

U(s) —> G(s) > Y(s)

irst definition:

[rGs)l,
U(s),

1/2
1 +00 .
where 0(s), | [juo) dzj or (Parscval) HU(SX\Z=[5ﬂ\U(Jw)H2dw]

Hg -norm is the induced Ly-norm: ||G(s )|, = sup
(s)eH

» Second definition:

[G(s)], =supo(G(je))

weR

where o(G(jw))= (SpeC(G(j 0))* G(j



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Bounded Real Lemma

Lemma (integer order systems):

order system given by:

X =Ax+ Bu

y=Cx+ Du

1s stable and its H_-norm is bounded by } if and only if there exists a symmetric positive
definite matrix P such that:

A" P+PA PB CT
B'P -4 D" |<0
C D -4

That 1s,

T

VT 20,{ () yle)de < 7/2.Tfu(t)Tu(t)dt

0



1- H, -Norm: Definition,
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

ended Bounded Real Lemma

ional systems

_________________________________________




1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

V)= Vit Y Vit 29, Y, — ) +l

i (yi _ym-)z yiTyi + yniTyni 4 2ym'Tyi ______ y(t)

and (y,~y,) (v,=2,)20

gives 1, y,+ v, V=2V, v,

Thus yiTyi +yniTyni +2yniTyi S 2yiTyi +2yniTyni

3+ 2. 0+ 3.0 29 2423, Y
T T T

VT 20,[2y,t) y,(e)dt+2[ ,(e) v, ()de < y* [ult) ule)de
0 0

0
T

= VT >0,



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma

3- Computation based on a derived fractional system stability analysis




1- H, -Norm: Definition
2- Extension of Bounded Real Lemma

3- Computation based on a derived fractional system stability analysis

d Real Lemma

order system given by:
X=Ax+ Bu
y=Cx+ Du ’

1s stable and its H_-norm is bounded
by y if and only if there exists a
symmetric positive definite matrix P
such that:

A'"P+PA PB ('
B'P -4 D' |<0.
C D —d

A'P+PA
B'P

xtended Bounded Real Lemma

Extended Bounded Real Lemma

Fractional order system given by
S,=8+S,,

where |S .|

<r

and S, is given by:

by 7 if and only if there exists a
symmetric positive definite m
such that:

C.

1



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Particular case: SISO systems

Extended Bounded Real Lemma

e a SISO system whose . . b
sfer function is G(s). Then Fractional order system given by

S, =8§+8,,
I6Gs)., <[l @% :

where R is the impulse response of S.

4 . . and S, is given by:
A decomposition enabling analytic :

calculation of L,-gain of the non- :

integer subsystem is available in Vi = St
is stable and its H_-norm is bounded

Contributions a la théorie by y if and only if there exists a

str uc"tur elll.e e’t {a comma.mde afes ) symmetric positive definite matri
systémes linéaires fractionnaires”, suchdbg

R. Hotzel, PhD Thesis, 1998,
Université de Paris Sud, France

A'P+PA
B'P
C

1



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Summary

he method necessitates a bound on the fractional subsystem H_ norm

* Analytic formulation of this bound is available in literature

* H; norm is expressed through LMI constraint



3 — Computation based on a derived
fractional system stability analysis

1 — Stability condition

2 — Der1ved fractional system computation



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Stability condition

U(s) —> G(s) —>Y(s)

irst definition:

[rGs)l,
U(s),

1/2
1 +00 .
where 0(s), | [juo) dzj or (Parscval) HU(SX\Z=£gﬂ\U(Jw)H2dCO]

H, -norm is the induced L,-norm: ||G(s)|. = sup
(s)eH

» Second definition:

[G(s)|, =supo(G(jm))

weR

where o(G(jo))=(spec(G(jo) G(j




1- H, -Norm: Definition
2- Extension of Bounded Real Lemma

3- Computation based on a derived fractional system stability analysis

Stability condition

ional system S whose transfer matrix is G(s)

Uls) —

G(s)

— Y(s)

. y(t) — Cx(t)+ Du(t)

From definition 2:

GGs), <y iff supa(Gljw))<y

thus |G(s) <y iff YoeR,Vi, A

Given commensurate order hypothesis:

(s): {Dvx(t) = Ax(t)+ Bu(r)

iff VoweR,Vi, o(G(jo)<y

but o(G(jw))=(speclGlio)iC TN

G(s)=C(s"I—4) ' B+D

/2

@

2



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Stability condition
us [G(s) <y iff YoeR,Vi, /Il.(G(— jo) G(ja)))S y’

iff Vo e R,Vi, 4y 1-G(- jo) G(jo))>0

+ LMI

|G(s)| <7 iff YoeR, y I-G(-jo)G(jw)>0

As YweR, y>o(D) andas lim y’I -G(- jo) G(jw)=y’I-D"D>0

@—>+00

IG(s)|, <7 iff »*I- G(-s)" G(s) has no zero on the imagina

|G(s)|, < iff (7/2 I-G(-s) G(s))_1 1s asymptoti




1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

ed fractional system computation

o <7 iff (7/21 ~G(-s) G(s))_1 is asymptotically stable

s G(s)=C(s"1—4)'B+D G(-s)=C(sy1-4)'B+D

G(-s)= C(ej’”s”] — A)_IB +D

G(-s)= C(SV] — e‘jV”A)_le_jV”B +

D"x(t)= Ax(¢)+ Bu(t)
y(t)= Cx(¢)+ Du(t)

A 0 [ B ,
AE(CTC e"”j B_(CTD] c=\oig

yv—cx—src(s):{



1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

1ved fractional system computation

(s), <y iff (72 I-G(-s) G(S))—l is asymptotically stable

N (D))= 4x()+ Bu) 1 _(,27_pTpY B - B(DTD—WI)IJ
REEsY o) .{J’(l‘)=Cx(t)+Du(t) o, =lpr-po) (CTD(DTD—WI)l

7 — A +B(}/21—DTD)_1DTC e_W”B()/zl _DTD)—lBT ) o :L (VZI—DTD)_IDTC ]
7 Cc’ (] + D(]/2 _DTD)—IDTkv e V" (AT i CTD(7/2] —DTD)_IBT) y oY (7/2] —DTD)_IBT

H_ -norm of Fractional order system given by

(s): {Dvx(t) = Ax(t)+ Bu(t)

. y(z‘) = Cx(z‘)+ Du(t)

is bounded by » if and only if all the eigenvalues of 4, lie in t

defined by
{s e C:[arg(s) > v%}




1- H, -Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis

Summary

omputation is performed through stability analysis of a derived system

* The method does not need any a priori knowledge of the bound

* More steps are necessary to obtain LMI formulation



4 — Conclusion and prospect

« Two methods:

» Method 1: based an extension of the Bounded Real Lemma

Bound on H_ norm of fractional subsystem a priori known

» Method 2: based on stability analysis of a derived system
LMI Condition

« CRONE Control of LPV systems



I tools for Stability Analysis of Fractional Systems

— LMI and integer order systems stability
2 — Stability of fractional order systems

3 — First method

4 — Second method

5 — Third method

Part 2: H_ -norm computation of fractional systems

1 — H_ -Norm: definition
2 — Extension of Bounded Real Lemma
3 — Computation based on a derived fractional s




Example

System definition

P K K=234NmV"
otz s fo +7,) r,=4.7x107s
£, =2x107 N.m.s.rad™
J,=JotA,

J, =0.066kg.m> |A,|<0.042kg.m

CRONE controller: C(s)=K, (S + 1]/[S + lj K.=2.82x10"
8 i w, =0.1rad.s™

w, =10rad.s™
v=0.6

To ensure: Wy = lrad.s™



Example

System definition

Tttt

Frequency (rad/sec)




Example

Stability analysis

1
1 St s . d
Note that: Fotds 1o Jus with  J, =0.042
S 08
1
Thus  G(s)=——Im*JoS
s(1+7,s

Closed loop: e ———————

m o o o o - e E e O EE EE O EE EE S EE EE EE EE Ee e e . -— o . .




Example

Stability analysis

p S et}
Al R (- f;iﬁos[né‘c;oj

Stability condition: H M, (S)H <1

.

H, norm computation : [M,,(s)|_<0.882

Thus closed loop is stable for 0.024 < J
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