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Outline

Part 1: LMI tools for Stability Analysis of Fractional Systems

1 – LMI and integer order systems stability
2 – Stability of fractional order systems
3 – First method
4 – Second method
5 – Third method

Part 2: H∞ -norm computation of fractional systems

1 – H∞ -Norm: definition
2 – Extension of Bounded Real Lemma
3 – Computation based on a derived fractional system stability analysis



1 – LMI and integer order systems stability

1 – Presentation of LMI

2 – Properties of LMI

3 – Lyapunov’s second method: analysis of integer
systems stability
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Pi are symetric matrices

Linear Matrix Inequalities (LMI): presentation

Convex optimization: interior point methods

•    Stability analysis of integer systems (Lyapunov), Systems norms calculation 
(bounded real lemma)

•    Graphic tools, algebraic methods, numeric tools

Global optimum

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



• Several LMIs can be gathered into one LMI:

• LMI with complex coefficients can be represented by a LMI with real ones:
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• For a LMI to be solved, the domain must be convex

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



( ) ( ) 0:0 <>∃ xVxV & Asymptotic stability if

Lyapunov’s second method: stability analysis of integer systems
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Lyapunov’s second method: stability analysis of integer systems

•    Integer order system with state matrix A is asymptotically stable

•   The eigenvalues of matrix A lie in the left half complex plane

•

• 0:0 <+>∃ PAPAP T

( )( )AλRe

( )( )AλIm

 Equivalence:

0<A

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Summary

•   Efficient tools are available to solve LMI

•   The domain must be convex

•    Using Lyapunov’s method, stability of integer systems can be verified using LMI

•    The left half complex plane can be described by a LMI feasibility problem

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



2 – Stability of fractional order systems

1 – Matignon’s theorem

2 – Stability domain



Matignon’s theorem
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Stability domain / Equivalent integer order system
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Summary

•   Matignon’s theorem gives a criteria to verify stability of fractional systems

•   The theorem is a generalization of criteria for stability of integer systems

•   For n>1, LMI tools have already been developed and are available in literature

•   For n<1, the domain is not convex and LMI can not be directly derived for     
stability analysis of fractional systems: an equivalent integer order system is to
be found

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



3 – First method

1 – Equivalent integer order system

2 – LMI condition 1

3 – Analysis of the method



 Laplace transform:

Equivalent integer order system
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Stability criteria
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Summary

•    Method 1 analyses stability of an integer system derived from a fractional one

•    The method leads to a sufficient but not necessary condition

•    A new function between integer and fractional stability domains must be defined

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



4 – Second method

1 – Valid function

2 – LMI condition 2
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Lyapunov’s method on integer system with state matrix Af2:
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1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



Summary

•    Method 2 analyses stability of an integer system derived from a fractional one

•    The method leads to a sufficient AND necessary condition

•    The function is non linear in relation to state matrix A

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



5 – Third method

1 – Duality

2 – LMI condition 3



Duality / unstability domain

Instead of trying to identify the stable domain, one can characterize the instable
one (convex) D u
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•    Geometric characterization of D u 

Fractionnal system is stable iff

D u

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method
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Complex poles are conjugate

•    Characterization of D u using inequalities

•   Associated stability criteria

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method



•    Characterization using LMI

Lemma: There exists a vector 0≠= qp α for some 0* ≥+αα if and only if  0** ≥+ qppq

0≠=∃/ rqp λ ( ) 0,0:0,C, **m ≠=−≥+∈ qqAIqppqq λFractionnal system is stable iff 

0≠∃/ q ( ) 0,0:0,C, ***m ≠=−≥+∈ qqAIrAqqrqqq T λλFractionnal system is stable iff 

rλα =

rqp λ=

Qqq =* Aqq =λ

( ) :1,0 =≠∃/ QrankQ 0* ≥+ rQArAQ T LMI Feasibility problem

1- LMI and integer order systems stability 4- Second method
2- Stability of fractional systems 5- Third method
3- First method

LMI condition 3



6 – Conclusion

•    Three methods:

•   Method 1: based on the derivation of an integer system

•   Method 2: based on geometric analysis

•   Method 3: based on a dual approach

Sufficient but not necessary 

Function is not linear 
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1 – H∞ -Norm: definition

1 – Definition

2 – Motivations



  H∞ -norm is the induced L2-norm:

1- H�-Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis
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1- H�-Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis



Motivation

•  Study of LPV/LTV systems as frequency analysis is not available

•  Small gain theorem

If ( )sM  and ( )s∆  are stable, the system is stable for every ( )s∆  such that ( ) α<∆
∞

s
 if ( ) 1−

∞
≤αsM . 

( )sM

( )s∆

1- H�-Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis



Motivation

•  Study of LPV/LTV systems as frequency analysis is not available

•  Small gain theorem

•  Constraints on sensitivity functions
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1- H�-Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis



Motivation

•  Study of LPV/LTV systems as frequency analysis is not available

•  Small gain theorem

•  Constraints on sensitivity functions
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1- H�-Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis



Summary

•    Two equivalent formulations exist

•    H∞ norm is efficient to deal with LPV/LTV systems

•    H∞ norm enables formulation of various problems in control

•    Exact computation of H∞ norm does not exist

1- H�-Norm: Definition
2- Extension of Bounded Real Lemma
3- Computation based on a derived fractional system stability analysis



2 – Extension of Bounded Real Lemma

1 – Bounded Real Lemma

2 – Extended Bounded Real Lemma

3 – Particular case: SISO systems



  H8 -norm is the induced L2-norm:

Bounded Real Lemma
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Bounded Real Lemma

  Bounded Real Lemma (integer order systems):

Integer order system  given by:
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is stable and its H∞ -norm is bounded by     if and only if there exists a symmetric positive
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Extended Bounded Real Lemma

Extension to fractional systems

Consider
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Extended Bounded Real Lemma
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Extended Bounded Real Lemma
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Extended Bounded Real Lemma

  Extended Bounded Real Lemma

Integer order system  given by:
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Particular case: SISO systems

  Extended Bounded Real Lemma

Fractional order system  given by

uDxCy
uBxAx

iiii

iiii

+=
+=&

is stable and its H∞ -norm is bounded
by     if and only if there exists a
symmetric positive definite matrix P
such that:

( )
( )

0
2

2
2/12

2
2

2/12
2

2 <
















−−

−−

+

IrDC
DIrPB
CPBPAPA

ii

T
i

T
i

T
iii

T
i

γ
γ

γ

,

.

niif SSS +=
where 2rSni <

∞

and       is given by:iS

,

Let S be a SISO system whose
transfer function is G(s). Then

( ) 21 rRsG L =<
∞

where R is the impulse response of S.

A decomposition enabling analytic
calculation of L1-gain of the non-
integer subsystem is available in

“Contributions à la théorie
structurelle et la commande des
systèmes linéaires fractionnaires”,

R. Hotzel, PhD Thesis, 1998,
Université de Paris Sud, France
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Summary

•    The method necessitates a bound on the fractional subsystem H∞ norm

•    Analytic formulation of this bound is available in literature

•    H8  norm is expressed through LMI constraint
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3 – Computation based on a derived
fractional system stability analysis

1 – Stability condition

2 – Derived fractional system computation



  H∞ -norm is the induced L2-norm:

Stability condition

( )sG

( )
( )

( )
( )

2

2

2

sup
sU
sY

sG
HsU ∈

∞
=

( )sU ( )sY
  Consider a transfer function G(s):

where ( ) ( )
2/1

0

2

2 







= ∫

∞+

dttusU or (Parseval) ( ) ( )
2/1

2

2 2
1









= ∫

∞+

∞−

ωω
π

djUsU

•  First definition:

•  Second definition:

( ) ( )( )ωσ
ω

jGsG
R∈

∞
= sup

where ( )( ) ( ) ( )( )( ) 2/1* ωωωσ jGjGspecjG =
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Stability condition

( )sG( )sU ( )sY

  Consider fractional system S whose transfer matrix is G(s)

  Given commensurate order hypothesis:

but ( )( ) ( ) ( )( )( ) 2/1* ωωωσ jGjGspecjG =

( ) ( ) ( ) ( )
( ) ( ) ( )




+=
+=

tDutCxty
tButAxtxD

S
ν

:   and ( ) ( ) DBAIsCsG +−=
−1ν

iff( ) γ<
∞

sG ( )( ) γωσ
ω

≤
∈

jG
R

sup

iff ( )( ) γωσω ≤∀∈∀ jGiR i,,

thus ( ) γ<
∞

sG iff ( ) ( )( ) 2,, γωωλω ≤−∀∈∀ jGjGiR T
i

  From definition 2:
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Stability condition
thus ( ) γ<

∞
sG iff ( ) ( )( ) 2,, γωωλω ≤−∀∈∀ jGjGiR T

i

iff ( ) ( )( ) 0,, 2 >−−∀∈∀ ωωγλω jGjGIiR T
i

( ) γ<
∞

sG iff ( ) ( ) 0, 2 >−−∈∀ ωωγω jGjGIR T

LMI

As ( )DR σγω >∈∀ , ( ) ( ) 0lim 22 >−=−−
+∞→

DDIjGjGI TT γωωγ
ω

and as

( ) γ<
∞

sG iff ( ) ( )sGsGI T−−2γ has no zero on the imaginary axis

( ) γ<
∞

sG iff ( ) ( )( ) 12 −
−− sGsGI Tγ is asymptotically stable
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Derived fractional system computation
( ) γ<

∞
sG iff ( ) ( )( ) 12 −

−− sGsGI Tγ is asymptotically stable

( ) ( ) DBAIsCsG +−=
−1νAs ( ) ( )( ) DBAIsCsG +−−=−

−1ν

( ) ( ) ννπνπν seses jj ==−

( ) ( ) DBAIseCsG j +−=−
−1νπν

( ) ( ) DBeAeIsCsG jj +−=− −−− νπνπν 1

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )




+=
+=

−−
tDutCxty

tButAxtxD
sGsGI T

ν

γ :2









= − πνjT eCC

A
A

0
' 








=

DC
B

B T' ( )TjT BeCDC πν−=' DDD T='
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Derived fractional system computation
( ) γ<

∞
sG iff ( ) ( )( ) 12 −

−− sGsGI Tγ is asymptotically stable

( ) ( ) ( ) ( )
( ) ( ) ( )
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+=
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H∞ -norm of Fractional order system  given by

is bounded by        if and only if all the eigenvalues of       lie in the stable domain
defined by

γ γA

 

( )






 >∈

2
arg: πνsCs
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Summary

•    Computation is performed through stability analysis of a derived system

•    The method does not need any a priori knowledge of the bound

•    More steps are necessary to obtain LMI formulation
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4 – Conclusion and prospect

•    Two methods:

•   Method 1: based an extension of the Bounded Real Lemma

•   Method 2: based on stability analysis of a derived system

•   CRONE Control of LPV systems

Bound on H∞ norm of fractional subsystem a priori known 

LMI Condition 



Outline

Part 1: LMI tools for Stability Analysis of Fractional Systems

1 – LMI and integer order systems stability
2 – Stability of fractional order systems
3 – First method
4 – Second method
5 – Third method

Part 2: H∞ -norm computation of fractional systems

1 – H∞ -Norm: definition
2 – Extension of Bounded Real Lemma
3 – Computation based on a derived fractional system stability analysis



System definition

DC motor:

 

 

Example

( ) ( )( )sJfss
KsG

mme ++
=

τ1
1..34.2 −= VmNK

se
3107.4 −×=τ

13 ...102 −−×= radsmNfm

Jm JJ ∆+= 0

2
0 .066.0 mkgJ = 2.042.0 mkgJ <∆

( ) 







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



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
+= 11
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c

ssKsC
ωω

νν
CRONE controller:

1.1.0 −= sradbω
1.10 −= sradhω

6.0=ν

31082.2 −×=cK

1.1 −= sradcgωTo ensure:



System definition

Open loop:

Example

10-2 100 102 104 106
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Stability analysis

Note that:

Example

sJf
sJ
sJf

sJf
m

d

m

mm
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1

1
1

+
+

+
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s
sJf

ss
KsG

m

J

m

e

0

0

1

1

1
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+
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Thus

Closed loop:

( )sC
s

K

eτ+1 sJfm 0

1
+

sJ d

∆

+
+ −

−

∆y ∆u

042.0=dJwith



Stability analysis

Stability condition:

Example

Thus closed loop is stable for

( ) ( ) ( )
( ) ( )






=

sMsM
sMsM

sM
2221

1211

( ) 







++

−
=

00
22 1

1
CGsJf

sJsM
m

d

( ) 122 ≤∞sM

( ) 882.022 <∞sM

∆

∆y ∆u

M
Small gain theorem:

H8  norm computation :

108.0024.0 << mJ
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