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ABSTRACT
An original method for modelling and simulation of frac-

tional systems is presented in this paper. The basic idea is
to model the fractional system by a state-space representation,
where conventional integration is replaced by a fractional one
with the help of a non integer integrator. This operator is itself
approximated by a N + 1 dimensional system composed of an
integrator and of a phase-lead filter. This method is compared to
other techniques like direct discretization of the fractional deriva-
tor and diffusive representation. Numerical simulations exhibit
the general applicability and flexibility of this new approach to
different types of fractional models and to non conventional non
integer derivation with limited spectral range.

INTRODUCTION
Non integer order systems, also known as fractional filters,

have been introduced long ago in various fields of science such
as electrochemistry [1], acoustics [2], electromagnetism [3] ...
where they are fundamentally used for the modelling of diffu-
sion processes. These systems are characterized by long mem-
ory transients and infinite dimensional structure. Their dynamics
depend on the well-known Diffusion Equation and on the geom-
etry of the considered problem. If the attention is focussed on the
relation between variables at the boundary region, a theoretical
modelling leads to an integrator with order equal to 0.5. Gener-
alization of this modelling to more complex situations needs the
help of a fractional model, characterized by its non integer order,
whose value can vary from 0 and 1. Practically, the modelling
of fractional systems turns out to be very usefull for simulation,

identification and control [4–8].
This modelling is fundamentally based on non integer

derivation. Then, the numerical simulation of these systems is
highly linked to the modelling of the non integer derivator, or
equivalently of the non integer integrator. Two main approaches
are commonly used. A direct solution [6] is based on the dis-
cretization of the derivator: then, the fractional model is replaced
by a difference equation model, with long memory behaviour.
An indirect solution uses Diffusive Representation [9, 10], with
finite discretization of the continuous fractional model into a N
dimensional state-space representation with conventional integer
derivation.

In this paper, we propose a third approach based on a frac-
tional integration operator in order to simulate a fractional sys-
tem with a conventional state-space representation approach.
Fundamentally, simulation of a state-space model needs integra-
tion operators ; thus simulation of a fractional model needs an
equivalent non integer integration operator. This new operator is
defined in the frequency domain, with reference to the ideal in-
tegrator of order n (0 < n < 1). An approximation is necessary,
because it is impossible to use an infinite spectral range. Thus
the corresponding fractional operator acts with order n on a lim-
ited frequency range and with order one outside it. Moreover,
this approximation is performed by a finite dimensional system
or equivalently by its finite state-space representation. Then, this
fractional integration operator is used to simulate the correspond-
ing system with an appropriate macro state-space representation.

This paper is divided in four parts. The first one presents
the main methods used in order to simulate fractional systems.
The second part is devoted to the definition and the modelling
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of the fractional integrator. This new operator is used to define
the state-space representation of a non integer system in the third
part. Modelling of different types of fractional systems are illus-
trated by numerical simulations in the fourth part.

SIMULATION OF FRACTIONAL SYSTEMS
Many methods are used in order to simulate non integer or

fractional systems. Two types of methods can be considered. The
first ones, also called direct methods, are based on an numerical
approximation of the non integer derivator operator. The second
ones, called indirect methods, are based on the simulation of the
continuous fractional model, with the help of a specific operator
or representation.

Direct methods
In these methods the fractional derivator operator is replaced

by a numerical approximation, in order to obtain a recurrent
equation directly used for simulation. Different types of approx-
imations can be used. The more usual approximation is the one
directly related to the definition given by Grünwald [11]:

dn

dtn f (Kh) = lim
h→0

1
hn

∞

∑
k=0

(−1)k
(

n
k

)
f ((K − k)h) (1)

where h is the sampling period and:

(
n
k

)
=

n (n−1) (n−2) · · · (n− k + 1)
k!

(2)

In order to illustrate this approach, consider for instance the
fractional system defined by:

dny(t)
dtn + a0y(t) = b0u(t) 0 < n < 1 (3)

which system will be used as a benchmark model for the different
techniques of simulation.

Using previous numerical approximation, the following
equation is obtained [6]:

K

∑
k=0

(−1)k

hn

(
n
k

)
y((K − k)h)+ a0y(Kh) = b0u(Kh) (4)

where K is the number of data such as t = Kh.
The system output is given by:

y(Kh) =
b0u(Kh)−

K
∑

k=1

(−1)k

hn

(
n
k

)
y((K − k)h)

a0 + 1
hn

(5)

This method is very simple to use. On the other hand, the
simulation requires, for each step, the computation of sums of
increasing dimension with time. Other approximations can be
used, refer for instance to [12].

Indirect method based on diffusive representation
Indirect methods refer to the simulation of the continuous

fractional model with the help of a specific operator or represen-
tation. Diffusive Representation (DR) approach [9, 10] is typi-
cally one of these methods.

Consider a fractional system, whose impulse response is
h(t): it is composed of a weighted sum of an infinity of modes
e−ξkt , where ξk varies from very small to very large values.

Thus

h(t) =
K

∑
k=1

µ(ξk) e−ξkt ∆ξk (6)

Considering ∆ξk → 0 and K → ∞, the continuous limit is:

h(t) =
∞�

0

µ(ξ) e−ξt dξ (7)

The function µ(ξ) is the weight density of e−ξt modes, it is
called Diffusive Representation (DR).

Notice that in equation (7) h(t) can be interpreted as the
transform (Laplace transform L) of µ(ξ).

Thus, µ(ξ) can be obtained from h(t) using inverse trans-
form (L−1):

µ(ξ) = L−1 {h(t)} (8)

An infinite dimension state vector representation is attached
to each fractional system.

Let u(t) be the input and y(t) the output ; then the in-
put/output representation of the system is given by:

y(t) = h(t)∗ u(t) (9)

This input/output representation (9) is equivalent to the fol-
lowing state vector model:

∂x(ξ, t)
∂t

= −ξ x(ξ, t)+ u(t) (10)

y(t) =
∞�

0

µ(ξ) x(ξ, t) dξ (11)
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Practically, numerical simulation of a fractional system is
based on discretization of the variable ξ in equations (10) and
(11):

dxk (t)
dt

= −ξk xk (t)+ u(t) (k = 1 toK) (12)

y(t) =
K

∑
k=1

µ(ξk) xk (t) ∆ξk (13)

Consider previous benchmark model (3):

H (s) =
b0

a0 + sn 0 < n < 1 (14)

It is necessary to use the DR µ(ξ) corresponding to this
model. G. Montseny has demonstrated [10] that:

µ(ξ) =
b0

sin(nπ)
π ξn

ξ2n + 2a0
cos(nπ)

π ξn + a2
0

(15)

The next step is the choice of the discretization for ξ k. A
geometric progression for ξ k and ∆ξk is certainly the best choice
for this approximation. Thus we obtain the system (12) and (13)
approximating the fractional model.

A FRACTIONAL INTEGRATOR OPERATOR
Fractional derivator

There are many ways to define the ideal fractional derivator
[6]. Using the transform technique, let D(s) = sn be the Laplace

transform of
(

dn

dtn

)
, where 0 < n < 1. Then D( jω) is the Fourier

transform defined by:

D( jω) = ρe jθ ρ = ωn, θ = n
π
2

(16)

With this definition, the fractional domain where D( jω) acts
as a non integer derivator ranges from 0 to ∞. A. Oustaloup [6,7]
has shown that the spectral range has to be necessarily limited to
[ωb,ωh].

Moreover, experiments show that this spectral range can be
very limited, for instance over one decade when behaviour is
caused by an artificial diffusion process [6]. On the contrary,
when the domain [ωb,ωh] is very large, there is not a great differ-
ence with an ideal derivator. Thus, for narrow band derivators,

bω
hω

bω hω

θ

dBρ

°90

°×90n

ω

ω

Figure 1. BODE DIAGRAM OF THE FRACTIONAL DERIVATOR

it is necessary to define in a realistic way the behaviour of the
derivator outside the limited domain.

So, let us consider the Bode plot of the proposed practical
derivator on figure 1.

It is composed of three parts:

The intermediate part corresponds to non integer action,
characterized by the order n (0 < n < 1).
In the two other parts, the derivator has conventional action,
characterized by its order 1.

In this way, we define a new operator Dn ( jω) (Dn (s)) which
is a conventional derivator, excepted on a limited band [ωb,ωh]
where it acts like a ”n” non integer derivator. Thus, this operator
Dn (s) is characterized by three parameters : ωb, ωh and n.

Fractional integrator
Practically, simulation of systems is not performed with

derivators but with integrators. It is easy to define the practical
non integer integrator as the inverse of Dn (s), thus

In (s) =
1

Dn (s)
(17)

So, our interest will be focussed on the modelling and sim-
ulation of the operator In (s), whose Bode plot is dual of that
of D jω(s). This Bode diagram can be obtained using a transfer
function like:

In (s) =
Gn

s

(
1+ s

ωb

1+ s
ωh

)n

(18)
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Figure 2. BODE DIAGRAM OF THE FRACTIONAL INTEGRATOR

The synthesis of this operator is performed by the associa-
tion of an integrator 1

s and of the conventional phase lead filter
used by A. Oustaloup [6]:

Av ( jω) =
N

∏
i=1

1+ j ω
ω′

i

1+ j ω
ωi

(19)

composed of N cells and characterized by four design parameters
ω′

i, ωi, α, η and n′. Let us define:

ω′
1: the lower pulsation,

ωN : the higher one.

with, for the ith cell:

ωi = αω
′
i with α > 1

ω
′
i+1 = ηωi with η > 1

If N is sufficiently high, the Bode plot of Av ( jω), in-

side
[
ω′

1,ωN

]
, is characterized by a positive slope equal to

n′ × 20dB/dec and a constant positive phase equal to n ′ × 90o,
where

n
′
=

logα
logαη

(20)

Thus, combining Av ( jω) with conventional integrator 1
jω,

we obtain the Bode plot of figure 2.
This means that the operator In (s) can be approximated by:

In (s) =
Gn

s

N

∏
i=1

1+ s
ω′

i

1+ s
ωi

(21)

This operator is characterized by six parameters:

ω′
1 and ωN define the frequency range (equivalently to ωb

and ωh),
N is the number of cells (it is directly related to the quality
of the desired approximation),
α and η are recursive parameters related to non integer order
n.
Gn is defined in order to have the same gain for 1

sn and In (s)
at the pulsation ωu = 1rd/s

This operator is completely defined by the following rela-
tions:

ωi = αω
′
i, ω

′
i+1 = ηωi, n = 1− logα

logαη
(22)

State-space representation of the operator
It is convenient to associate a state-space representation to

In (s) in order to simulate complex systems. An infinity of these
representations can be associated to In (s). Because one of our
objectives is to estimate the parameters {ω′

1, ωN , α and η}, we
have privileged parsimonious models in order to facilitate the
identification procedure [4, 5, 8].

Operator In (s) can be expanded using ωi pulsations:

In (s) =
Gn

s

N

∏
i=1

1+ s
ω′

i

1+ s
ωi

=
Gn

s
+

N

∑
i=1

ci

s+ωi
(23)

where

ci = Gn
ωi −ω′

i

ω′
i

N

∏
j=1
j �=i

1− ωi
ω′

j

1− ωi
ωj

(24)

Thus, it is straightforward to use the following state-space
model to simulate the fractional integrator:

d
dt




x0

x1
...

xN


=




0 0 · · · 0

0 −ω1
. . .

...
...

. . .
. . . 0

0 · · · 0 −ωN




︸ ︷︷ ︸
A




x0

x1
...

xN




︸ ︷︷ ︸
xI

+




1
1
...
1




︸ ︷︷ ︸
B

u(t) (25)

xint =
[

Gn c1 · · · cN
]︸ ︷︷ ︸

CT




x0

x1
...

xN


 (26)
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Figure 3. STATE-SPACE DECOMPOSITION OF THE FRACTIONAL IN-

TEGRATOR

equivalent to

{
d
dt xI = A xI + B u

xint = CT xI
(27)

where the state-variables xi are the outputs of the first order
model blocks 1

s+ωi
(see figure 3). Notice that the first output

is x0, where ω0 = 0 and ”weight” c0 = Gn.

STATE-SPACE REPRESENTATION OF A NON-INTEGER
SYSTEM
Principle

Using the fractional integrator, one can construct the state-
space representation of general fractional systems. We will again
consider the benchmark model (3):

H (s) =
Y (s)
U (s)

=
b0

a0 + sn (28)

This transmittance is equivalent to the differential equation
form:

dny(t)
dtn + a0 y(t) = b0 u(t) (29)

Let us define x(t) such as

X (s) =
1

sn + a0
U (s) (30)

0a−

0b
u y( )sIn

intx

Figure 4. STATE-SPACE REPRESENTATION OF THE SYSTEM

∫

0a−

0b
u yIx

B

A

C

n
int

n

dt

xd

intxdt

xd I

sIn

Figure 5. THE TWO IMBRICATED STATE-SPACE MODELS

Thus, we obtain a ”macro” state-space representation of this sys-
tem (with ”macro” parameters a0 and b0).

{
dnx(t)

dtn = −a0x(t)+ u(t)
y(t) = b0x(t)

(31)

where x(t) = xint (t) and ε(t) = u(t)− a0 xint (t) is the input of
In (s) (see figure 4).

Analysis of the state-space model
This ”macro” model (31) is only convenient for compact

writing. Practically, there are two imbricated state-space rep-
resentations, one for the ”macro” model, the other one for the
fractional integrator, as represented on figure 5.

Remarks:

N has to be very large in order to perform an appropriate
approximation of the fractional integrator. Then, xI is a large
dimension vector, able to produce long memory behaviour
[13], the main feature of fractional systems.
The differential equation is characterized by fractional or-
der n. This parameter is not explicitly used in the model,
because it has been converted into four equivalent param-
eters ω′

1, ωN , α and η. This transformation enables us to
simulate the fractional system with a conventional equiva-
lent state-space model and so to estimate its parameters in
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Figure 6. STEP RESPONSE FOR n = 0.5 - (-: SIMULATION WITH

In (s), +: SIMULATION WITH THE DIRECT METHOD)

identification applications [4, 5, 8]. With α and η estimates
it is possible to derive n, using n = 1− logα

logαη
Different state-space representations have been derived to
simulate fractional systems. A. Oustaloup [6] has proposed
an infinite dimensional model based on the numerical ap-
proximation of the non integer derivator. Recently, new
models have been introduced; refer for instance to [14, 15].

NUMERICAL SIMULATIONS
Benchmark fractional system

Simulations. The modelling of the operator In (s) per-
mits to approach the ideal fractional integrator when the fre-
quency range is very large. For a fractional order n equal to
0.5, step responses of the benchmark fractional system (3) have
been simulated using the operator In (s) and the direct method
described in the first section.

Figure 6 shows step responses obtained by these two meth-
ods with:

a0 = 1,
b0 = 1,
ω′

1 = 10−5rd/s,
ωN = 105rd/s
a number of cells N = 30.

One can notice that step responses are superposed.
The frequency responses of the theoretical fractional system

and its approximation using In (s) are plotted figure 7. One can
notice that inside the frequency domain defined by ω′

1 and ωN ,
the two responses coincide. Beyond this domain, the system is
equivalent to a first order system.
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For a lower value of N (N = 10), the frequency response is
plotted on figure 8. One can notice the phase oscillations directly
linked to the insufficient number of cells.

Conclusion. The direct method gives satisfactory results
for any value of n. We obtain the same result with In (s) when
the number of cells is sufficiently large. We have not presented
simulation results for the Diffusive Representation approach but
as expected, they are also satisfactory.

The direct approach applies to any kind of fractional sys-
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Figure 9. STATE-SPACE REPRESENTATION OF THE SYSTEM (32)

tems: its essential drawback is the increasing dimension of the
sums directly related to the numerical approximation (1). This is
a real constraint when this approximation is used to simulate the
model in identification and parameter estimation.

The Diffusive Representation needs an analytic knowledge
of µ(ξ), which is a drastic constraint in practice for complex sys-
tems.

Simulation of a fractional system with bounded spec-
tral range

When the frequency domain where acts the non integer order
is not infinite but limited to some decades, the operator defined
in this paper permits nevertheless to give satisfactory time and
frequency responses.

Consider the system H (s):

H (s) =
Y (s)
U (s)

=
b0 + b1sn

a0 + a1sn + sn+1 (32)

where the fractional order n is limited to one decade.
Its state-space model is represented on figure 9:
For this example, the following parameters have been cho-

sen:

a0 = 1, a1 = 1, b0 = 1, b1 = 1,
n = 0.4.

Two simulations are performed. The first one (solid line) is
done with a fractional integrator limited to one decade with N =
10 cells, ωb = 0.1rd/s and ωh = 1rd/s. The second simulation
(dotted line) is performed with an ideal fractional operator with
the parameters N = 30 cells, ωb = 10−5 rd/s and ωh = 105 rd/s.

Figure 10 exhibits the step responses of H (s) in the two
cases.

This last example demonstrates clearly that the proposed
fractional integrator operator is able to face conventional frac-
tional modelling and simulation as well as non conventional
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Figure 10. STEP RESPONSES OF FRACTIONAL SYSTEM WITH

BOUNDED SPECTRAL RANGE (SOLID LINE N = 10 CELLS, ωb =
0.1rd/s AND ωh = 1rd/s, DOTTED LINE N = 30 CELLS, ωb =
10−5 rd/s AND ωh = 105 rd/s

ones, like fractional derivation with limited spectral range. It is
also evident that neither direct numerical approximation nor dif-
fusive representation can take into account this non conventional
problem.

CONCLUSION
An original method for modelling and simulation of frac-

tional systems has been presented in this paper. This modelling
is based on a new fractional integrator operator, associated to a
N dimensional state-space representation. Only a few parame-
ters used for the design of the non integer action and its spectral
range are necessary to characterize this operator.

Theoretical and numerical comparisons with other tech-
niques commonly used for the simulation of fractional systems
have exhibited the performances of this original approach. Its
main interest is to propose a general framework for the modelling
of fractional systems based on a macro state-space representa-
tion, where conventional integration is replaced by a fractional
one with the help of the integrator operator. Another important
feature of this new approach is its flexibility because it applies to
different types of fractional models and to non conventional non
integer derivation with limited spectral range.

This fractional operator has been already applied to identi-
fication problems with output error technique. Various experi-
ments [4,5,8] have confirmed the interest and the validity of this
new approach for modelling and simulation of fractional systems
in diffusive applications.
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et applications. Paris, hermès edition, 1995.
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