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Abstract— In this paper we demonstrate that a fractional
adaptive controller based on the high gain output feedback
stabilizes the class of linear, time-invariant, minimum phase,
siso systems of relative degree one. We generalize the sta-
bility theorem of integer controllers to fractional order con-
trollers whose derivative order is a real number between
one and two, and introduce a new tuning parameter for the
performance behaviour of the controlled plant. A simula-
tion example is given to illustrate the effectiveness of the
proposed algorithm.

I. INTRODUCTION

Stability analysis and stability proof of fractional order
control systems [5], [18] are still considered yet as open
problems. This is due to the fact that the existing theory
developped so far for stability proof mainly exists for inte-
ger order systems, and generaly is not applicable to frac-
tional order control systems. Many research works have
tried to give answers to this question, using numerical or
analytical arguments [2], [6], [13], [14], [15], [17]. It is par-
ticularly the case for fractional adaptive control schemes
[20]. The application of the theory of fractional calculus
in adaptive control is just starting, but there are more and
more works on this subject [10], [11], [19]. Recently, the
authors have presented a new scheme of fractional order
adaptive PIλDµ Controller [12], based on classical integer
order algorithms [4]. We showed by simulations that the
use of fractional order operators improves consistently the
behaviour of the controlled plants, but the weakness of such
work was the lack of theoritical arguments for garanteeing
the stability of such particular control schemes. All these
works are based on the high gain output feedback control
theory [1], [3], which is very attractive because it is not
based on system identification or plant parameter estima-
tion algorithms or injection of probing signals. The main
contribution of this paper is performing analytical proof of
stability of the generalization of this method to fractional
order schemes for the class of linear minimum phase sys-

tems of relative degree one.
This paper is organized as follows:
In section II mathematical definitions of fractional order
derivative and integral are given, section III presents the
problem of fractional adaptive high gain controller stabil-
ity. A theorem of stability is then proposed in section IV
and its demonstration is performed in section V. A simula-
tion example illustrates this control method in section VI.
Section VII presents the conclusion of the paper.

II. MATHEMATICAL ASPECTS

The mathematical definition of fractional derivatives and
integrals has been subject of several different approaches
[16]. In this paper we consider the Riemann-Liouville def-
inition, in which the fractional order integrals are defined
as

D−µ
a f(t) =

1
Γ(µ)

∫ t

a

(t − ξ)µ−1f(ξ)d(ξ) (1)

while the definition of fractional order derivatives is

Dµ
af(t) =

d

dt

[
D−(1−µ)

a f(t)
]

(2)

=
1

Γ(1 − µ)
d

dt

∫ t

a

(t − ξ)−µf(ξ)d(ξ)

where
Γ(x) =

∫ ∞

0

yx−1e−ydy (3)

is the Gamma function, (a, t) ∈ �2 with a < t and µ (0 <
µ < 1, µ ∈ �) is the order of the operation.
For simplicity we will note Dµf(t) for Dµ

0 f(t).

III. PROBLEM STATEMENT

Consider an uncertain siso system described by

ẋ(t) = Ax(t) + Bu(t) (4a)
y(t) = Cx(t) (4b)
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where t ∈ � is the time variable, x(t) ∈ �n is the state
with n unknown, u(t) ∈ � is the control and y(t) ∈ � is
the measured output; A, B, C, are unknown matrices of
appropriate dimensions. We assume the following.

Assumption A 1: (A, B) is controllable and (C, A) is ob-
servable.
Suppose that (4a) is subject to a linear output feedback
controller with gain −k ∈ �, i.e.,

u = −ky (5)

Then the resulting feedback-controlled system can be de-
scribed by

ẋ = Ã(k)x (6)

where
Ã(k) ∆= A − kBC (7)

System (6) is asymptotically stable iff there exists ε > 0
such that

Re(λ) ≤ −ε ∀λ ∈ σ[Ã(k)]

where σ[Ã(k)] denotes the set of eigenvalues of Ã(k). We
introduce then the following definitions.

Definition 1: System (4) is uniformly stabilizable via
high gain output feedback iff there exists ε > 0 and k ∈ �
such that for all k ≥ k

Re(λ) ≤ −ε ∀ λ ∈ σ[Ã(k)]

Definition 2: System (4) is minimum phase if:

det

(
sI − A B

C 0

)
has all its zeros in C−.

Definition 3: System (4) has relative degree one if:

CB �= 0

CB is then the so-called high frequency gain.

We can add the following Theorem

Theorem 1: Consider any siso system described by (4),
if in addition it is minimum-phase with relative degree one
and has positive high frequency gain, then it is uniformly
stabilizable by the high gain adaptive controller (6).

Proof of Theorem 1.
For the proof see for instance [3], [7], [8], [21].

�

The following assumption is made.

Assumption A 2: System (4) is minimum phase, has rel-
ative degree one and positive high frequency gain.

The adaptive controllers considered here are simply adap-
tive parameter versions of (5), they are given by

u = −k̂y (8a)

Dα(k̂) = γy2 (8b)

where k̂(t) ∈ � is the adaptive parameter, α ∈ � with

1 < α < 2 (9)

and γ is any real number which satisfies

γ > 0 (10)

IV. MAIN RESULT

Consider any system described by (4) and subject to an
adaptive controller given by (8). The resulting controlled
system can be described by

ẋ = Ã(k̂)x (11a)

Dα(k̂) = γ(Cx)2 (11b)

where Ã(k̂) is defined by (7). This is a system with state
(x, k̂) ∈ �n × �. The main purpose of this paper is to
present the stability properties of (11). These properties
are stated in the following theorem.

Theorem 2: Consider any system described by (4), sat-
isfying Assumptions A1, A2 and subject to control given
by (8). The resulting controlled system, (11) has the fol-
lowing properties. For each (t0, x0, k̂0) ∈ �×�n×�, there
exists a solution (x(.), k̂(.)) : [t0, t1) → �n × �, t0 < t1, of
(11) with x(t0) = x0, k̂(t0) = k̂0. Every solution can be
continued over [t0,∞) and satisfies

lim
t→∞x(t) = 0

k̂(.) is bounded.

V. PROOF OF THE MAIN RESULT

We shall require the following Theorem (see [3]).

Theorem 3: Consider any siso system described by

ẋ = [A − k(t)BC]x (12a)
y = Cx (12b)

where A, B, C satisfy assumptions A1, A2 and k(.) :
[t0, t1) → �, t0 < t1, is a differentiable function satisfying

k̇(t) ≥ 0.

There then exists k ∈ �, ε > 0 and M > 0 such that if
k(t) ≥ k for all t ≥ t0 and all x(.) : [t0, t1) → �n, solution
of (12a), then

|y(t)| ≤ Me−ε(t−t0) ∀ t ∈ [t0, t1)

Proof of Theorem 3.
Consider any (t0, x0, k̂0) ∈ � × �n × �. Since the right-
hand sides of (11) are continuous functions of (x, k̂), there
exists a solution (x(.), k̂(.)) : [t0, t1) → �n × �, t1 > t0, of
(11) with x(t0) = x0, k̂(t0) = k̂0.
Since the right-hand side of (11a) is Lipschitz in x, it
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can readily be seen that if there exists t∗ ∈ � such
that a solution of (11a) cannot be extended past t∗ then
limt→t∗ k̂(t) = ∞.

�

We shall also need the next lemma

Lemma 1: The controller parameter function k̂ defined
in (8) satisfies

˙̂
k(t) ≥ 0 (13)

Proof of Lemma 1.
Let us define β ∈ � such that

β = α − 1

From (9), 0 < β < 1. From (8b) we have

Dα(k̂) = γy2

D1+β(k̂) = γy2

˙̂
k = D−β(γy2)

and from the Riemann-Liouvillle fractional order integral
definition (1) we get

˙̂
k =

γ

Γ(β)

∫ t

0

(t − ξ)β−1y2(ξ)d(ξ) (14)

It is obvious that the right hand side of equation (14) is
positive (Γ(β) ≥ 1 for 0 < β < 1). The result follows.

�

Now we demonstrate that k̂(.) is bounded on every interval
(finite and infinite). Suppose by contradiction that there
exists t∗ ∈ (t0,∞] such that

lim
t→t∗

k̂(t) = ∞ (15)

The evolution of x(.) satisfies

ẋ = [A − k̂(t)BC]x

where from (13),
˙̂
k(t) ≥ 0

Let k be as defined in Theorem 3. Then, there exists t2 ∈
[t0, t∗) such that k̂(t) ≥ k for all t ∈ [t2, t∗). It then follows
from Theorem 3 that there exists ε > 0 and M ∈ � such
that

|y(t)| ≤ Me−ε(t−t2) ∀ t ∈ [t2, t∗) (16)

But (11a) and (16) imply that k̂(.) is bounded on [t2, t∗).
This contradicts the original supposition, (15); hence k̂(.)
is bounded.
The boundedness of k̂(.) insures that every solution of (11)
can be extended indefinitely; it also implies that y(.) ∈ L2,

i.e.,
∫ ∞
0 y(t)2dt < ∞; recall (11b).

To prove that x(.) converges to zero, we rewrite (11a) as

ẋ = Ax + Bµ(t)

where
A

∆= A − kBC

is asymptotically stable and

µ(t) ∆= (k̂ − k)y(t).

Since y(.) ∈ L2 and k̂(.) is bounded, µ ∈ L2. Since x(.)
is now the state of an asymtotically stable linear system
subject to an L2 input, x(.) ∈ L2.
Hence limt→∞ x(t) = 0.

�

REMARKS

• It can be proved that adaptive stability of the given class
of nonlinear control system is possible by using the con-
troller

u = −k̂y (17a)

Dα(k̂) = γ ‖y‖p (17b)

where p ≥ 1.
• The fractional order α of the derivative in (8b) can be
considered as a supplementary tuning parameter, that can
be used to improve the behaviour of the closed loop control
system.
• A supplementary benefit of introducing fractional order
operators is to increase the robustness of the control system
against noises and perturbations as shown in several past
works (see for instance [11]).

VI. SIMULATION EXAMPLE

To study the performances of this new algorithm let us
apply it to a nonminimum phase continuous-time unstable
system of relatif degree one given by the following transfer
function:

G(s) =
10 (s + 1)

(s − 2)(s − 3)
(18)

By introducing the adaptive controller of equations (8)
with integer order derivative (α = 1) and initial conditions
y(0) = 5 and γ = 0.3, we obtain the result shown in Fig. 1
for the output signal and Fig. 2 for the control signal.
For the fractional order case, taking the controller descibed
in (8) with fractional order derivative (α = 1.45) and ini-
tial conditions y(0) = 5 and γ = 0.0000001, the output
response is given in Fig. 3 and the control signal in Fig. 4.
It is obvious on the simulation results that dynamical be-
haviour of the fractional algorithm is better than the one of
integer order particularly concerning the convergence time
and the smoothness of the output signal. We remark also
that the value of the parmeter gain γ is much less in the
case of fractional derivative.
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Fig. 1. Output of the integer order adaptive high gain control algo-
rithm (α = 1)
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Fig. 2. Control signal of the integer order adaptive high gain control
algorithm (α = 1)

VII. CONCLUSION

We presented a fractional high-gain adaptive controller
for a class of linear systems, allowing new tuning parame-
ters for the improvement of closed loop performances. Sta-
bility analysis was performed and a simulation example was
given to illustrate the performance improvement that can
result from the introduction of fractional order operators in
such control algorithms.More general fractional high gain
schemes should be considered in future works, especially
for wider range of values of the controller fractional deriva-
tive order. This simple adaptive control algorithm gives
new arguments for the development of fractional adaptive
PIλ and PIλDµ controllers.
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Fig. 3. Output of the fractional order adaptive high gain control
algorithm with α = 1.45
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Fig. 4. Control signal of the fractional order adaptive high gain
control algorithm with α = 1.45
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