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1. Intr oduction

rRCyv

FractionalCalculus: A veryold concept... andanew researcheld

Thesdastyears mary researclworkshave beendeveloppedon theapplicationof FCin
variousscienti c elds ...

Mechanicakystems:(Bagk1991,1984,Makroglou:1994)
Electricalsystems{Le Méhauté:19830Idham:1983Westerlund:1994)
Applicationin Biomedicine:(Ferdi:2003)

Heattransfer:(Loiseau:1998)

Many authorshave shavedthatfractionalorderderiative basednodelsareoftenmore
adequatehanthe classicaintegerordermodels.(Caputo:1969Nonnenmachegt

Glockle:1991 Friedrich:1991Westerlund:1994)

Fractionalorderderwvativesandintegralsgive alsoa powerful tool for descriptionof hareditary
andmnemoniceffectsof varioussusbstancesnddynamicalprocessnodelizationn fractal

geometry(Mandelbrot:1982).
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1. Intr oduction

rRCyv

FractionalOrderControl Systems

Fractionalorderdynamicalsystemsverestudiedonly in a mamginal way becaus®f thelack of

mathematicaimethodspothin controlsystenmtheoryandapplication.

Theideaof usingfactionalorderregulatorsfor dynamicalsystemsontrolwas rst proposed
by Oustalouphwo developpedhefamous CRONE "Commande Robusted'Ordr e Non
Entier" with examplesandapplicationgn various elds. He shovedin particularthe

adwantageof CRONE regulatorwhencomparedo classicalPID.

Podlubry (1999)hasproposedaterthe Pl D fractionalordercontrollet usingfractional
orderoperatorsHe alsoshavedthatits performancearemuchbetterthanthoseof integer

orderPID.

S.Ladaci— Action ThématiqueLessystemesi dérivéesnonentiéres théorieetapplications CNAM, Paris6 Novembre2006— p. 4/44



1. Intr oduction

Aim of this work :

Introducefractionalorderoperatorsn adaptve controlalgorithmsof dynamicalsystemsin

orderto improve their performance
Comparehesefractionalordercontrolscheme®ehaiour with classicalscheme®ne

Studyandproove stability of suchcontrolsystems

wCowy
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2. About Fractional Calculus

SomeDe nitions

A singlepolefractionalordersystem

O sy (1)
A multiple polefractionalordersystem
X(s) = Q5 K — 0 1 2)
i (1 + ﬁ) i
A fractionalordersystemof " secondorder™
e : ©

2
(!5—%+2 %+ 1)
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2. About Fractional Calculus

Fractional order systemperformance

Step Response

1.4

Fractional m=0.35

Integer m=1

Amplitude

I I I I I
25 3 35 4 45 5
Time (sec)

F | g ure 1 . Comparatie stepresponsesf seconcrdersystemgFractional/Intger)
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2. About Fractional Calculus

FractionalorderOperators

Riemann-LiouvilleDe nition

Integral:
1 Zt
Rl f() ) M()d() (4)
( ) to
Derivative 7
D i — T 1) (5)
RE (n)dtn o,

wheretheintegern issuchthat(n 1) < < n.
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2. About Fractional Calculus

Grundwald-Leitnikov De nition

Derivative:
0 1
d XK .
c. D f(t)= —fF(t)= lim h ( 1)) @ Af(kh jh) (6)
dt h! 0 i =0 j
0 1
()= A = ( +1)
S @j R OE I GRS
0 1
where! é =@ A = 1, arethefollowing binomialcoefcients :
0
0 1
b3 _ R ()
1 2z = (1)@AZ-= 7 (7)
j:O J J:0

wCowy
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2. About Fractional Calculus

Charefs transferapproximatiomrmethod:Singularity

Fonction
1 Q:\I:o bl >
Gls) = 1+ >2) QN s ®)
PT i=0 1+ E
where
pi = (ab)'po i=1;23;:;N 9)
zi = (ab)lapp i= 235N 1 (10)
andpg = 10%' a= 1010(1p ) b= 10%- _ log(a)
Po = Pr , - d - d ~ log (ab)

p toleratederrorin dB
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3. Fractional order MRAC

Introduction

Oneof themostpopularadaptve controltechnics developpedoy Whitaker etal. in 1958
Thedesiredperformancarespeci edby a ReferencéModel

An ordinaryfeedback+ asupplementarfeedbaclallowing regulatorparameterjustment

basedntheerrorbetweerplantandmodeloutputs

Ajustmentmechanisms baseckeitheron the Gradientmethodor the stability theory
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3. Fractional order MRAC

Ym
> Model
Y
ControllerParameters Ajustment |«
Mechanism
r ) 4
Ld u y
Regulator S Plant ,

FI gure 2. Modelreferenceadaptve system(MRAS)
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3. Fractional order MRAC

= M.I.T. rule

[]
J()= ;e (11)

™ To minimizeJ, the parameterarechangedn directionof negative gradientof J,

d J
- T 12
i (12)

e(t) = (Ger(p; ) Gm(p)r(t)

[
o

(13)

g|a
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3. Fractional order MRAC

Regulatorstructure
Plantmodel:
A y(t) = boB u(t) (14)
DiophantineEquation:
Ru(t) = Tur(t) Sy(t) (15)
Modelerror:
e= Aobl:m (Ru+ Sy Tuy) (16)
O = (riiiiresoiiis to::itm) (17)
'T:Aongm p“ tuiiuplyiiiy  pMuy Uy (18)
e='T0 (19)
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3. Fractional order MRAC

Ym

@
3

”|

Plant

Uc / u y
— G

FI gure 3: ClassicalAdaptationAlgorithm.

A 4
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3.1Fractional Integration MRAC

N
= —Ym(Y Ym)= —Yme
S S

b=

d

9 - 20

at Ym € (20)
= and,

= | (Yyme) (21)
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3.1Fractional Integration MRAC

Ym

°l

Plant

Uc / u y
— G

FI gu re4: FractionallntegrationAdaptive Algorithm.
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3.1Fractional Integration MRAC

= Simulation

= Plantmodel:

81018
G(s) = 22
(s) s2 + 260:7s + 2394 (22)
! ReferenceModel
100
Gm (S) = (23)

(s2 + 9s + 100)°4
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3.1Fractional Integration MRAC

Flgur65: MRAC with FO Integration,order: = 0:3 1:3
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3.1Fractional Integration MRAC

Remarks

CL stablility is achievedfor all valuesof in theinterval ]0; 2].
Theresultobtainedwvhen 1:2 is thebestfor outputperformance.
For little valuesof integrationorder( 0:5) thetransitoryphasepresent®scillations.

Vinagreetal. (2002)have noticedthattheintroductionof afractionalorderintegrationin
MRAC allows to enlagethereferenceamplitudevariationdomainwherethe closedioop

stability is maintainedVeri ed
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3.2 Fractional Derivative MRAC

ThereferencemodelG, 1s asecondrdertransferfunction,

We introducea FO Derivative at the plantoutput,seeFigure 6. We supposehattherelatif
degreen of thesisoplantis known,

G(S) = Hor ((;) with: D eg(den(s)) Deg(num (s)) = n

Then,whenjsj hasahigh value,we canwrite,

Ym 1 1
G (S) — - .. _
m Uc (!S—i +2 S+ 1) IsiL g2
andalso,
_ Y 1
G(s) = g st @ (24)
In ordercompareym (t) with ddtyJ we musthave,
3+ = - inotherwords:
=n 2 (25)
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3.2 Fractional Derivative MRAC

FractionalModel
f ym
> Gm
e
s
T+
Plant
Uc 4 u
_‘®_ G > S

FI gure O: Adaptive algorithmwith fractionalorderoutputderivative
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3.2 Fractional Derivative MRAC

Simulation

Plant 4 03
~ 3s
G = o2 1) (26)

Model of theintegerorderscheme

: 2:25
Gl (s) = 27
m (3) s2 + 2:4s+ 1 (27)
Model of thefractionalorderscheme
2:25
Gh (s) = (28)

(s2 + 2:4s+ 1)

We obtaintheresultsgivenin gures Figure7 andFigure8 for the caseof integerorder

schemendproposedractionalorderschemewith = 0:35 resp.,
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3.2 Fractional Derivative MRAC

System output with Integer order adaptive scheme
1.5 T T

Ym v

I W e
[L

0.5 N

-05 - T
af Lv* ' 7

0 50 100 150

Time (s)

Fi gure (. Plantoutputfor integerorderscheme
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3.2 Fractional Derivative MRAC

System output with Fractional order adaptive scheme
1.5 T T

Ym

| \
f N

05+ Y i

0.5 B

AN W W U

1.5 1 1
0 50 100 150

Time (s)

Flgur68: Plantoutputwith fractionalorderscheme, = 0:35
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3.2 Fractional Derivative MRAC

Remarks

Stability is achievedfor bothcasesgoodlevel of performance.
Rolustnessagainstperturbations betterin thefractionalorderschemecase.

In fractionalorderschemebetterresponseareobtainedor little valuesof adaptatiorgain

(around10 °)
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3.2 Fractional Derivative MRAC

Remarks...

Thisis alsocon rmed with the quadraticerrorcriteriand :

X
J= (y(k)
k=0

uc(k)) 2

Ta.b I e 1 : Quadraticerrorcriterian

J without input output
perturbation | perturbation| perturbation
Integer 17.41 16.58 17.04
Fractional 8.97 9.08 9.11
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3. Fractional order MRAC

Conclusion

A new fractionalordermodelreferenceadaptve controlalgorithmfor sisoplanthave been

proposed
CL stability is achieved with a goodlevel of performance
This appraochs alsointeressantor fractionalordersystemsontrol

Analytical proof of stability is still anopenproblem
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3. Fractional order MRAC

Publication

Journal :
1- S.Ladaci,A. Charef:"On fractionaladaptve control",in NonlinearDynamics,SpringerVol. 43,

N 4. pp.365-378.March2006.

Conférences.
1- S.Ladaci,A. Charef: " MIT adaptve rule with fractionallntegration" in ProceedingCESA2003

IMA CS MulticonferenceComputationaEngineeringn SystemdApplications,Lille-FranceJuly, 9-11

2003.
2- S.Ladaci,A. Charef. " Model referenceadaptve controlwith fractionaldervative " in Proceeding

CISTEMA2003, 27-29septembre003,Conferencdnternationalesurlessystemesle
Télécommunicationl'ElectroniqueMédicaleet d'Automatique ,UniversitéAboubekrBlkaid,

Tlemcen Algérie.
3- S.Ladaci,J.J.LoiseauandA. Charef: "Using FractionalorderFilter in Adaptive Controlof Noisy

plants".The 3rd Int Confon Advancesn MechanicaEngineeringAnd Mecanics|CAMEM 2006,

Decembed7-19,Tunisia.
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4. Adaptive Pl D control

Intr oduction

\ 4

\ 4

= d
r e |PlI orPI"D |[U y
(O P Pl
_.J---"" Regulator

Flgur69: AdaptveP1 orPl D regulatorof perturbedsystems
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4. Adaptive Pl D control

Introduction

Principalcontrikution: introducingFO operatorsn a classicaladaptve Pl controlschemeo

obtainanadaptve Pl D controller with auto-tuningparametersseeFigure9.

Thisregulatoris basedn the high gain appraoctof lichmannetal 1993,andthesimple
adaptve Pl controllerof FanJ.C.etal 1998

Theinterestin suchregulatoris justi ed by a best e xibility, becausét addsnew tuning

parametershatarethefractionaloperatorsorders and
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4. Adaptive Pl D control

Control strategy

Original controlschemeproposedy (FanJ.C.,etal 1998)for minimumphaseelatif degreeone
systemswith constanperturbation
yA t

u(t) = ke ka(t)e(t) + ; k2( )e( )d

ki(t) = kp(t) + 1ki(t)

ka(t) = 2ki(t)

kp(t) = €(t) (30)
YA t
ki(t) =  €*( )d
0

e(t) = y(t) r(t)

ke, 1 and » arepositve constantgtuningparameters).
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4. Adaptive Pl D control

...Proposeaontrolscheme,

h i
u(t) = ke ka(t)e(t) + I (ka(t)e(t)) + D (ks(t)e(t))

ki(t) = kp(t) + 1ki(t) + 3kq(t);
ko(t) = 2Kk (1)

ka(t) = 4kq(t)

kp(t) = €2(t) (31)
ki(t) = 1 (e°(1))
kg(t) = D (€°(1))
e(t) = y(t) r(t)

ke, 1, 2, 3 and 4 arepositve constantsTheblocdiagramof the CL controlsystemis shavn in
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4. Adaptive Pl D control

u y
—Plan

| L le. " i
s A2

\ S ‘}(.3"”

K

k
S 4 S

000
O

n
(|'_\
N

Flgure 10: FractionalorderadaptviePI D controlsystem
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4. Adaptive Pl D control

Simulation
We considerthe exampleproposedy FanJ.C.,etal 1998,to comparewith the new regulation
results:

X(t) = Ax(t)+ Bu(t)+d

y(t) = Cx(1) (32)

whered is a constanperturbatiornvectorand:

1

0 0 1
3 0 0 1

A= %1 2 1:414x ; B = %o§ (33)
0 0

1:414 0

C= 1 5 0 andd" = 05 05 :08
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4. Adaptive Pl D control

18

E 10.7 ,
16 i .'D07

-
14 i

12l

[y

plant output y

o
o]
I
1

0.6 ,

0.4 B

time in sec

Flgurell: Outputresponsdor differentvaluesof thecouple(; )
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4. Adaptive Pl D control

Remarks

All initial valuesof the plantandregulatorparameteraresetto zero.

Parametetuning: First,we choose 1, 2 values(relatedto integration),andset 3, 4 to
Zero,

Then, 3, 4 (relatedto dervative)areajustedo improve CL performance

ConstanPerturbatiorrejectionandreferencdollowing arewell achievzedfor all and

values,

and haveagreatin uence ontheoverall controlsystenresponse¢ime

When s closeto 2 the outputresponséecome®scillatory
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4. Adaptive Pl D control

Remarks...

To obtainthe bestfractionaladaptve controllerPl D , we considerednobjective function:

Z 1
J = e’ (t)dt (34)
0
Figurel2 shawvstheobjective functionJ versudfractionalintegrationorder .
theleastvalueof J is obtainedfor thecouple(; ) = (1:5; 1:2) with parameters
ke = 17, 1 = 550, » = 35000, 3 =10 4, 4= 10 5.
In this casethe outputresponses givenin Figure13 wherethe overshoots around12%, stabilization

timeis lessthenls.

Theseperformancaremuchbetterthanthoseobtainedwith Fan,J.C.,etal, for the samrexample.
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4. Adaptive Pl D control

Quadratic error criteria J

1 1 1
0.5 1 15 2

Fractional Integration order

FI gure 12: ouadraticerrorfunction versusintagrationorder
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4. Adaptive Pl D control

12

no

0.8

0.6

plant output y

0.4

0.2Q

02 | | | | | | |
0 0.5 1 15 2 25 3 35 4
time in sec

Flgure 13: outputresponséor thecouple( : ) = (1:5:1:2) (ke = 17, 1 = 550, 5 =
35000, 3= 10 4 4= 10 5)
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4. Adaptive Pl D control

Conclusion

Theinterestof this controlschemas to proposesupplementaryuning parameterghatcan

improve the controlsystemperformance

Perturbatiorrejectionandreferencdollowing arewell achiezed, with betterperformancehan

thoseobtainedwith theintgerorderadaptve Pl controller
More researchs to bedonefor applyingsuchcontrollerto amoregeneraklassof systems

Thesimpleconstructiorof this regulatoris a goodagumentwhencomparedo classical

invariantPl D controller(Podlubry)
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4. Adaptive Pl D control

Publication

Conference:

- S.Ladaci,A. Charef. " An Adaptive FractionalPl D Controller” in Proceeding$ixth
InternationalSymposiunon ToolsandMethodsof Competitve Engineering,TMCE 2006.1SBN:
961-6536-04-4Avril 18-22,Ljubljana,Slovenia,2006,Editedby I. HorvathandJ. Duhovnik, pp.
1533-1540.
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5. Conclusion& Outlines

Interestof suchadaptve controlalgorithms

More researchmustbe donetowardsanalyticalstudyof this controllers especiallyfor stability

proof

Fromthis point of vue,theresultobtaindon stability proof of fractionalhigh gain controlleris

a rst stepin thisway (to be presentedn IECON'06)
Developpenew fractionalorderappraochesn mary othercontrol elds

Applying theseregulatorsfor the controlof realplants,for validation
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