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1. Intr oduction
FractionalCalculus: A veryold concept.... andanew research�eld

Theselastyears,many researchworkshavebeendeveloppedon theapplicationof FC in
variousscienti�c �elds ...

Mechanicalsystems:(Bagley:1991,1984,Makroglou:1994)

Electricalsystems:(Le Méhauté:1983,Oldham:1983,Westerlund:1994)

Applicationin Biomedicine:(Ferdi:2003)

Heattransfer:(Loiseau:1998)

Many authorshaveshowedthatfractionalorderderivativebasedmodelsareoftenmore

adequatethantheclassicalintegerordermodels.(Caputo:1969,Nonnenmacheret

Glöckle:1991,Friedrich:1991,Westerlund:1994)

Fractionalorderderivativesandintegralsgivealsoapowerful tool for descriptionof hareditary

andmnemoniceffectsof varioussusbstances,anddynamicalprocessmodelizationin fractal

geometry(Mandelbrot:1982).
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1. Intr oduction

FractionalOrderControlSystems
Fractionalorderdynamicalsystemswerestudiedonly in amarginalwaybecauseof thelackof

mathematicalmethods,bothin controlsystemtheoryandapplication.

Theideaof usingfactionalorderregulatorsfor dynamicalsystemscontrolwas�rst proposed

by Oustaloup,hwo developpedthefamousCRONE "Commande Robusted'Ordr eNon

Entier" with examplesandapplicationsin various�elds. Heshowedin particularthe

advantageof CRONEregulatorwhencomparedto classicalPID.

Podlubny (1999)hasproposedlaterthe PI� D� fractionalordercontroller, usingfractional

orderoperators.Healsoshowedthatits performancearemuchbetterthanthoseof integer

orderPID.
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1. Intr oduction

Aim of this work :

Introducefractionalorderoperatorsin adaptivecontrolalgorithmsof dynamicalsystems,in

orderto improve theirperformance

Comparethesefractionalordercontrolschemesbehaviour with classicalschemesone

Studyandproovestabilityof suchcontrolsystems
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2. About Fractional Calculus

SomeDe�nitions :
A singlepolefractionalordersystem

X (s) =
k

(1 + s
p )�

(1)

A multiplepolefractionalordersystem

X (s) =
k

Q n
i =1 (1 + s

pi
) � i

0 � � i � 1 (2)

A fractionalordersystemof "`secondorder"'

G(s) =
1

( s2

! 2
n

+ 2� s
! n

+ 1)�
(3)
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2. About Fractional Calculus
Fractional order systemperformance
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Figure1: Comparativestepresponsesof secondordersystems(Fractional/Integer)
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2. About Fractional Calculus

FractionalorderOperators

Riemann-LiouvilleDe�nition

Integral:

R L I �
t 0

f (t ) �
1

�( � )

Z t

t 0

(t � � ) � � 1 f (� )d(� ) (4)

Derivative

R L D �
t 0

f (t ) =
1

�( n � � )

dn

dtn

Z t

t 0

(t � � )n � � � 1 f (� )d� (5)

wheretheintegern is suchthat(n � 1) < � < n.
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2. About Fractional Calculus

Gründwald-Leitnikov De�nition
Derivative:

GL D � f (t ) =
d�

dt �
f (t ) = lim

h ! 0
h� �

kX

j =0

(� 1)j

0

@�

j

1

A f (kh � j h) (6)

! ( � )
j =

0

@�

j

1

A = �( � +1)
�( j +1)�( � � j +1)

where! ( � )
0 =

0

@�

0

1

A = 1, arethefollowing binomialcoef�cients :

(1 � z)� =
1X

j =0

(� 1)j

0

@�

j

1

A zj =
1X

j =0

! ( � )
j zj (7)
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2. About Fractional Calculus

Charef's transferapproximationmethod:Singularity
Fonction

G(s) =
1

(1 + s
pT

)�
�

Q N � 1
i =0

�
1 + s

zi

�

Q N
i =0

�
1 + s

pi

� (8)

where

pi = (ab)i p0 i = 1; 2; 3; :::; N (9)

zi = (ab)i ap0 i = 2; 3; :::; N � 1 (10)

andp0 = pT 10
� p

20 � ; a = 10
� p

10(1 � � ) ; b = 10
� p

10 � ; � = log ( a)
log ( ab)

� p toleratederrorin dB
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3. Fractional order MRAC

Introduction

Oneof themostpopularadaptivecontroltechnics,developpedby Whitakeretal. in 1958

Thedesiredperformancearespeci�edby aReferenceModel

An ordinaryfeedback+ asupplementaryfeedbackallowing regulatorparameterajustment

basedon theerrorbetweenplantandmodeloutputs

Ajustmentmechanismis basedeitheron theGradientmethodor thestability theory
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3. Fractional order MRAC

Ajustment
Mechanism

Model

PlantRegulator

ym

r
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Figure2: Model referenceadaptivesystem(MRAS)
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3. Fractional order MRAC

M.I.T. rule

J (� ) =
1

2
e2 (11)

To minimizeJ , theparametersarechangedin directionof negativegradientof J ,

d�

dt
= � 


� J
� �

= � 
 e
� e
� �

(12)

e(t ) = (GB F (p; � ) � Gm (p)) r (t )

d�

dt
= 
 'e (13)
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3. Fractional order MRAC

Regulatorstructure
Plantmodel:

A y(t ) = b0B u(t ) (14)

DiophantineEquation:

Ru(t ) = T ur (t ) � Sy(t ) (15)

Modelerror:

e =
b0

A oA m
(Ru + Sy � T ur ) (16)

� 0 = (r 1 : : : r k s0 : : : sl t 0 : : : tm ) (17)

' T =
b0

A oA m

�
pk � 1u : : : u pl y : : : y � pm ur � � � � ur

�
(18)

e = ' T � 0 (19)
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3. Fractional order MRAC
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Figure3: ClassicalAdaptationAlgorithm.
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3.1Fractional Integration MRAC

� = �



s�
ym (y � ym ) = �




s�
ym e

=)
d� �

dt �
= � 
 ym e (20)

and,

� = � 
 I � (ym e) (21)
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3.1Fractional Integration MRAC
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Figure4: FractionalIntegrationAdaptiveAlgorithm.
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3.1Fractional Integration MRAC

Simulation

Plantmodel:

G(s) =
81018

s2 + 260:7s + 2394
(22)

ReferenceModel

Gm (s) =
100

(s2 + 9s + 100)0:4 (23)
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3.1Fractional Integration MRAC

Figure5: MRAC with FOIntegration,order: � = 0:3 � 1:3
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3.1Fractional Integration MRAC

Remarks

CL stability is achievedfor all valuesof � in theinterval ]0; 2[.

Theresultobtainedwhen� � 1:2 is thebestfor outputperformance.

For little valuesof integrationorder(� � 0:5) thetransitoryphasepresentsoscillations.

Vinagreetal. (2002)havenoticedthattheintroductionof a fractionalorderintegrationin

MRAC allows to enlargethereferenceamplitudevariationdomainwheretheclosedloop

stability is maintained.Veri�ed
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3.2Fractional DerivativeMRAC
ThereferencemodelGm is asecondordertransferfunction,

We introduceaFODerivativeat theplantoutput,seeFigure6. Wesupposethattherelatif
degreen of thesisoplantis known,

G(s) = num ( s)
den ( s) with: D eg(den(s)) � D eg(num (s)) = n

Then,whenjsj hasahighvalue,wecanwrite,

Gm (s) =
ym

uc
=

1

( s2

! 2
n

+ 2� s
! n

+ 1)�
� j sj!1

1

s2�

andalso,

G(s) =
y

u
� j sj!1

1

sn
(24)

In ordercompareym (t ) with d� y ( t )
dt � wemusthave,

s�

sn = 1
s2� in otherwords:

� = n � 2� (25)
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3.2Fractional DerivativeMRAC

Gf
m

ym

Q P
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G
yuc

�
� 


s

Q u

�

+
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e

s�

Figure6: Adaptivealgorithmwith fractionalorderoutputderivative
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3.2Fractional DerivativeMRAC

Simulation
Plant

G(s) =
4 � 0:3 s

(s � 0:2)( s + 1)
(26)

Modelof theintegerorderscheme

Gi
m (s) =

2:25
s2 + 2:4s + 1

(27)

Modelof thefractionalorderscheme

Gf
m (s) =

2:25
(s2 + 2:4s + 1)�

(28)

Weobtaintheresultsgivenin �gures Figure7 andFigure8 for thecaseof integerorder

schemeandproposedfractionalorderschemewith � = 0:35 resp.,
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3.2Fractional DerivativeMRAC
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Figure7: Plantoutputfor integerorderscheme
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3.2Fractional DerivativeMRAC
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Figure8: Plantoutputwith fractionalorderscheme,� = 0:35
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3.2Fractional DerivativeMRAC

Remarks

Stability is achievedfor bothcases,goodlevel of performance.

Robustnessagainstperturbationis betterin thefractionalorderschemecase.

In fractionalorderschemebetterresponsesareobtainedfor little valuesof adaptationgain 


(around10� 5)
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3.2Fractional DerivativeMRAC

Remarks...

This is alsocon�rmed with thequadraticerrorcriterianJ :

J =
NX

k =0

(y(k�) � uc(k�)) 2 (29)

Table1: Quadraticerrorcriterian

J without input output

perturbation perturbation perturbation

Integer 17.41 16.58 17.04

Fractional 8.97 9.08 9.11
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3. Fractional order MRAC

Conclusion

A new fractionalordermodelreferenceadaptivecontrolalgorithmfor sisoplanthavebeen

proposed

CL stability is achievedwith agoodlevel of performance

Thisappraochis alsointeressantfor fractionalordersystemscontrol

Analyticalproofof stability is still anopenproblem
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3. Fractional order MRAC

Publication

Journal :
1- S.Ladaci,A. Charef:"On fractionaladaptivecontrol", in NonlinearDynamics,Springer, Vol. 43,
N� 4. pp. 365-378.March2006.
Conférences:
1- S.Ladaci,A. Charef: " MIT adaptive rulewith fractionalIntegration" in ProceedingCESA'2003
IMACSMulticonferenceComputationalEngineeringin SystemsApplications,Lille-FranceJuly, 9-11
2003.
2- S.Ladaci,A. Charef: " Model referenceadaptivecontrolwith fractionalderivative " in Proceeding
CISTEMA'2003,27-29septembre2003,ConferenceInternationalesurlessystèmesde
Télécommunicationd'ElectroniqueMédicaleetd'Automatique,UniversitéAboubekrBlkaid,
Tlemcen,Algérie.

3- S.Ladaci,J.J.LoiseauandA. Charef: "UsingFractionalorderFilter in AdaptiveControlof Noisy

plants".The3rd Int ConfonAdvancesin MechanicalEngineeringAnd Mecanics,ICAMEM 2006,

December17–19,Tunisia.
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4. AdaptivePI� D� control

Intr oduction

r e u y
d

Plant
Regulator

PI � or PI � D �

Figure9: AdaptiveP I � or P I � D � regulatorof perturbedsystems

S.Ladaci– Action Thématique.Lessystèmesàdérivéesnonentières: théorieetapplications.CNAM, Paris6 Novembre2006– p. 30/44



4. AdaptivePI� D� control

Introduction

Principalcontribution: introducingFOoperatorsin aclassicaladaptivePI controlschemeto

obtainanadaptivePI� D� controller, with auto-tuningparameters,seeFigure9.

This regulatoris basedon thehighgainappraochof Ilchmannetal 1993,andthesimple

adaptivePI controllerof FanJ.C.etal 1998

Theinterestin suchregulatoris justi�ed by abest�e xibility , becauseit addsnew tuning

parametersthatarethefractionaloperatorsorders� and�
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4. AdaptivePI� D� control

Control strategy

Original controlschemeproposedby (FanJ.C.,etal 1998)for minimumphaserelatif degreeone
systemswith constantperturbation:

u(t ) = � kc

�
k1(t )e(t ) +

Z t

0
k2(� )e(� )d�

�

k1(t ) = kp (t ) + � 1ki (t )

k2(t ) = � 2ki (t )

kp (t ) = e2(t ) (30)

ki (t ) =
Z t

0
e2(� )d�

e(t ) = y(t ) � r (t )

kc , � 1 and� 2 arepositiveconstants(tuningparameters).
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4. AdaptivePI� D� control

...Proposedcontrolscheme,

u(t ) = � kc

h
k1(t )e(t ) + I � (k2(t )e(t )) + D � (k3(t )e(t ))

i

k1(t ) = kp (t ) + � 1ki (t ) + � 3kd (t );

k2(t ) = � 2ki (t )

k3(t ) = � 4kd (t )

kp (t ) = e2(t ) (31)

ki (t ) = I � (e2(t ))

kd (t ) = D � (e2(t ))

e(t ) = y(t ) � r (t )

kc ,� 1 , � 2 , � 3 and� 4 arepositiveconstants.Theblocdiagramof theCL controlsystemis shown in

�gure 10. S.Ladaci– Action Thématique.Lessystèmesàdérivéesnonentières: théorieetapplications.CNAM, Paris6 Novembre2006– p. 33/44



4. AdaptivePI� D� control
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Figure10: FractionalorderadaptiveP I � D � controlsystem
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4. AdaptivePI� D� control

Simulation
Weconsidertheexampleproposedby FanJ.C.,etal 1998,to comparewith thenew regulation
results:

_x(t ) = A x(t ) + B u(t ) + d

y(t ) = C x(t ) (32)

whered is aconstantperturbationvectorand:

A =

0

B
B
@

� 3 0 0

1 2 � 1:414

0 1:414 0

1

C
C
A ; B =

0

B
B
@

1

0

0

1

C
C
A (33)

C =
�

1 5 0
�

and dT =
�

0:5 0:5 :08
�
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4. AdaptivePI� D� control
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Figure11: Outputresponsefor differentvaluesof thecouple(�; � )
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4. AdaptivePI� D� control

Remarks

All initial valuesof theplantandregulatorparametersaresetto zero.

Parametertuning:First,wechoose� 1 , � 2 values(relatedto integration),andset� 3 , � 4 to
zero,

Then,� 3 , � 4 (relatedto derivative)areajustedto improveCL performance

ConstantPerturbationrejectionandreferencefollowing arewell achievedfor all � and�

values,

� and� haveagreatin�uence on theoverall controlsystemresponsetime

When� is closeto 2 theoutputresponsebecomesoscillatory.
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4. AdaptivePI� D� control

Remarks ...

To obtainthebestfractionaladaptivecontrollerPI� D� , weconsideredanobjective function:

J =
Z T

0
e2(t )dt (34)

Figure12shows theobjective functionJ versusfractionalintegrationorder� .
theleastvalueof J is obtainedfor thecouple(�; � ) = (1:5; 1:2) with parameters
kc = 17,� 1 = 550, � 2 = 35000, � 3 = 10 � 4, � 4 = 10 � 5.
In thiscasetheoutputresponseis givenin Figure13wheretheovershootis around12%,stabilization
time is lessthen1s.

Theseperformancearemuchbetterthanthoseobtainedwith Fan,J.C.,etal, for thesamrexample.
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4. AdaptivePI� D� control
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Figure12: Quadraticerrorfunctionversusintagrationorder�
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4. AdaptivePI� D� control
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Figure13: Outputresponsefor thecouple(�; � ) = (1:5; 1:2) (kc = 17; � 1 = 550; � 2 =
35000; � 3 = 10� 4 ; � 4 = 10� 5)
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4. AdaptivePI� D� control

Conclusion

Theinterestof thiscontrolschemeis to proposesupplementarytuningparameters,thatcan

improve thecontrolsystemperformance

Perturbationrejectionandreferencefollowing arewell achieved,with betterperformancethan

thoseobtainedwith theintgerorderadaptivePI controller

More researchis to bedonefor applyingsuchcontrollerto amoregeneralclassof systems

Thesimpleconstructionof this regulatoris agoodargumentwhencomparedto classical

invariantPI� D� controller(Podlubny)
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4. AdaptivePI� D� control

Publication

Conference:

- S.Ladaci,A. Charef: " An AdaptiveFractionalPI� D� Controller" in ProceedingsSixth

InternationalSymposiumonToolsandMethodsof CompetitiveEngineering,TMCE 2006.ISBN:

961-6536-04-4.Avril 18-22,Ljubljana,Slovenia,2006,Editedby I. HorvathandJ.Duhovnik, pp.

1533-1540.
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5. Conclusion& Outlines

Interestof suchadaptivecontrolalgorithms

More researchmustbedonetowardsanalyticalstudyof thiscontrollers,especiallyfor stability

proof

Fromthispointof vue,theresultobtaindonstabilityproofof fractionalhighgaincontrolleris

a �rst stepin thisway (to bepresentedin IECON'06)

Developpenew fractionalorderappraoches,in many othercontrol�elds

Applying theseregulatorsfor thecontrolof realplants,for validation
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