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1. Intr oduction

Adaptivecontrolalgorithmsshow their limits in noisyor disturbedenvironment,becoming

inef�cient or uncompetitive.

Theuseof simpleparallelfeedforwardin theadaptationloopappearedasa robustsolution

sincethe80's. It canguaranteerobuststabilityof thenonlinearadaptivecontroller. (BarKana)

Main contributionof thiswork: A fractionalrobustadaptivecontrolsolutionfor disturbed

applications,basedonstabilizabilitypropertyof theplantandsimpleparallelfeedforwardin

orderto satisfythedesired"almostpositive realness"condition
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2. Fractional order systems

A SISOfractionalordersystemcanberepresentedby thefollowing transferfunction,

X (s) =
bm s� m + bm � 1s� m � 1 + ::: + b0s� 0

an s� n + an � 1s� n � 1 + ::: + a0s� 0
(1)

Where,

� i , � j : realnumberssuchthat,

8
<

:
0 � � 0 < � 1 < ::: < � n

0 � � 0 < � 1 < ::: < � m

De�nition 1 Thefractionalorder transferfunctionMatrix M X (s) whoseelementsareof theform
(1) is proper(strictly proper)if andonly if all elementsof M X (s) areboundedat 1 (tendto zero at
1 , resp.).

Fractionalsystemspresentbestqualities,in responsetimeandin transitiondynamicstability, and

robustnessin presenceof uncertaintiesandperturbations.
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3. Conceptof Positive RealnessCon-
dition

De�nition 2 Them � m transferfunctionmatrixGs (s) is calledstrictly positivereal (SPR) if:

1. All elementsof Gs (s) areanalyticin < (s) � 0.

2. Gs (s) is real for real s.

3. Gs (s) + GT �
s (s) > 0 for < (s) � 0 and�nite s.

Wecanshow thatfor a fractionalordertransferfunctionmatrixGs (s),

Gs (s) is SPR , G� 1
s (s) is SPR (2)

De�nition 3 LetGa (s) bea m � m transfermatrix. Letusassumethat thereexistsa positive
de�nite constantgainmatrix, ~K e such that theclosed-looptransferfunction

Gc(s) =
h
I + Ga (s) ~K e

i � 1
Ga (s) (3)

is SPR. Ga (s) is called"almoststrictly positivereal (ASPR)".
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3. Conceptof Positive RealnessCon-
dition

Now if weconsidera fractionalorderproperor strictly properASPRtransfermatrixGs (s).
Thenthefollowing statementsareequivalent,

Gs (s) = [I + Ga (s)K e]� 1 Ga (s) is SPR (4)

Gs (s) = [I + Ga (s)K e]� 1 is SPR (5)

G� 1
s (s) = G� 1

a (s) + K e is SPR (6)

<
�
G� 1

a (s) + K e
�

< ( s) � 0 > 0 (7)

G� 1
s (s) is asymptotically stable and

K e is su�cien tly large (8)
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3. Conceptof Positive RealnessCon-
dition

Because9M suchthat<
h
G� 1

a (s)
i

< ( s) � 0
> M > �1 , andthenany K e > � M will do.

Ga (s) is strictly minim um phaseand

K e is su�cien tly large (9)

Herewecangeneralizeasfellows theresultof (Bar-Kana1989)to thefractionalordercase.

Lemma 1 Leta fractionalorder transferfunctionmatrixGa (s) beASPRandlet ~K e beanygain
that satis�es(3). ThenGa (s) is SPRfor anygainK e that satis�esK e > ~K e.

It is obviousthatASPRfractionalordersystems,whichareminimumphasepropersystemsmaintain

stabilitywith highgains.
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3. Conceptof Positive RealnessCon-
dition

Remarks
1. TheASPRplantmustalsobeproper.

2. Theopenloop is notnecessarilystable(theplantwill actuallybestabilizedby the�ctitious
gainK e), howeverall thezerosmustbeplacedin theleft half plane.Theplantmustbe
minimumphaseto obtainpositivity.

3. Wecaneasilyshow thatif asystemis ASPR,thenit canbestabilizedby any constantor time
variableoutputgainK e, if it is largeenough,i.e. K e > ~K e.

But in thismethod,insteadof usinghighgain regulationwewill useasimpleparallelfeedforward
con�gurationwhichcanby asimilarwaysatisfythepositive realnessconditions.
Theideaof usingfeedforwardin parallelwith thecontrolledplantis basedon thefollowing Lemma,

Lemma 2 (Bar-Kana1989)Let theplantbedescribedby them � m transferfunctionGp (s) of
ordern. LetC(s) beanydynamicstabilityoutputfeedback controller. Then

Ga (s) = Gp (s) + C� 1(s) (10)

is ASPRif C � 1(s) is properor strictly proper.
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4. Main Result
Weproposea fractionalorderfeedforwardcon�gurationof theform:

F (s) =
Fp�

1 + s
s0

� � (11)

with a realfractionalpower0 < � < 1, to improve therobustnessof theadaptivealgorithm,in
presenceof perturbations,assuchsystemsdonotamplify muchtheserandomsignals.

Theorem1 LetG(s) beanym � m strictly propertransfermatrixof arbitrary MacMillan degree.
G(s) is notnecessarilystableor minimumphase. Let

H f (s) = K (1 + qs� ) (12)

besomestabilizingcontroller for G(s). Thentheaugmentedcontrolledplant

Gf
a (s) = G(s) + H � 1

f (s) = G(s) +
K � 1

1 + qs�
(13)

is ASPR.
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4. Main Result

G(s)K (1 + qs� )

u(s)

y(s)

GC L (s)

uc(s)

�
+
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K � 1

1+ qs� ys (s)
ya (s)

yp (s)

Ga (s)
Gs (s)

K e

uc(s)
+

�

Figure1: The�ctitious SPRcon�guration.
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4. Main Result
ThestabilizingcontrollerH f (s) canalsobemodelizedasfollows,

H f (s) = K (1 + qs)� (14)

FromDe�nition 3 andthefactthatthetransferfunctionGf
a (s) is ASPR,weknow thatit canbe

stabilizedby again ~K e. Figure1 illustratesthefeedforwardcon�guration. In addition,the
stabilizationis robust,it holdsfor any gainK e > ~K e.

Many previousworks(Hotzel1997,Podlubny 1999)haveproposedPD� impropercontrollersof the
form (12):

C(s) = K p + K i s� (15)

whichcanstabilizemany realisticplantsfor suf�cient highvaluesof K .
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4. Main Result

A feedforwardof equivalenteffect is chosenasfollows:

F (s) = C� 1(s) =
Fp�

1 + s
s0

� � (16)

WhereFp = K � 1 , suchthattheaugmentedplantbecomes,

Ga (s) = Gp (s) + F (s) (17)

As K shouldbevery large,soFp aresmallcoef�cients, guaranteeingthatGa (s) beASPR. And

duringthecontroldesignwecantakeGa (s) � Gp (s) asapracticalapproximation.
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5. Implementation in MRAC scheme

F

ProcessActuatorController

uc

ym
Reference

Model

Adjustment
Mechanism

yu

Figure2: Simplefeedforwardin MRAC scheme.
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5. Implementation in MRAC scheme

ModelReferenceAdaptiveControl(MRAC) is oneof themoreusedapproachesof adaptivecontrol,in
which thedesiredperformanceis speci�edby thechoiceof a referencemodel.Adjustmentof
parametersis achievedby meansof theerrorbetweentheoutputof theplantandthemodelreference
output.

Weconsideraclosedloopsystemwherethecontrollerhasanadjustableparametervector� . A model
whichoutputis ym speci�esthedesiredclosedloop response.Let e betheerrorbetweentheclosed
loopsystemoutputy andthemodeloneym , onepossibilityis to adjusttheparameterssuchthatthe
costfunction:

J (� ) =
1

2
e2 (18)

beminimised.
d�

dt
= � 


� J

� �
= � 
 e

� e

� �
(19)

or
d�

dt
= 
 'e (20)

Thisaproachis calledM.I.T. rule.
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6. Simulation Example

Withoutany lossof generalitywewill applythis robustadaptivecontrolmethod,bothin thecaseof
integerandfractionalorderfeedforward,to aSISOmodelof aDC motorcontrolledin respectof
velocity, givenby:

Gp (z) =
0:8513z + 5:099 10� 6

z2 + 2:442 10� 7z + 1:37 10� 11
(21)

with asamplingperiodTs = 0:3sec, andanactuatormodelof theform:

A(z) =
0:007667z + 0:007049

z2 � 1:763z + 0:7772
(22)

Theplantis subjectto randominputandoutputperturbationsof amplitudes2 and0:05 respectively.

ThereferencemodelGm is givenby:

Gm (z) =
0:9411z + 0:1208

z2 + 0:05679z + 0:005092
(23)
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6. Simulation Example

1. Integer order feedforward caseThefeedforwardtrunsferfuctionF is givenby:

F (z) =
3:2394 10� 7

z � 0:9997
(24)

with a regulationparameter
 = 0:001 weobtaintheresultsof Figure3.
2. Fractional order feedforward caseThefractionalorderfeedforwardtrunsferfunctionF is given
in Laplacedomainby:

F (s) =
0:001

(s + 500)0:6
(25)

For thepurposeof ourapproachweneedto useanintegerordermodelapproximationof thefractional
orderfeedforwardmodelin orderto implementtheadaptationalgorithm,for thisaimwehaveusedthe
so-calledsingularityfunctionmethod.

with a regulationparameter
 = 0:005, weobtaintheresultsof Figure4.
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6. Simulation Example

(a)

(b)
Figure3: Processoutputwith integerfeedforward
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6. Simulation Example

(a)

(b)
Figure4: Processoutputwith fractionalfeedforward
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6. Simulation Example

Remarks

Thecommandsignalu is morepolishin thefractionalcasewitch is averyusefulpropertyin
regulationproblem.

Theproposedfractionalordercon�gurationof feedforwardmaintainsstabilityandat lessthe
samelevel of performances,witch con�rms theinterestof integratingfractionalstrategy in
robustadaptivecontrol.
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7. Conclusion

In thispaperwehavepresentedanew robustadaptivecontrolstrategy, by introducingsimple
fractionalfeedforwardcon�gurationin theMRAC algorithm.

Theconceptof positive realnessconditionwhich is thebasisof this robustcontrolstrategy is
extendedto fractionalordercontrolsystems.

Thestabilityproofsof thisadaptivecontrolschemedevelopedfor integerorder�lters in
controlliteraturestill holdsfor suchsystems.

Simulationresultshaveshown abetter�ltering ability of commandandoutputsignals,and
morerobustnessagainstadditiveperturbations,thanin theintegerorderfeedforward
con�gurationcase.
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Robust AdaptiveControl UsingA Fractional Feedforward Based

on SPRCondition

Thankyou
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